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ABSTFACT 
After  eva lua t ing  numerous methods of numerical ly  in t eg ra -  
t i n g  the  equat ions  of motions formulated f o r  non l inea r  dynamic 
ana lyses  of s h e l l s  of r evo lu t ion  by t h e  mat r ix  displacement method, 
i t  i s  concluded t h a t  t h e  Houbolt method is t h e  most e f f i c i e n t  and 
p r a c t i c a l  technique.  A t o t a l  of n ine  d i f f e r e n t  i n t e g r a t i o n  tech- 
n iques  are formulated f o r  use i n  non l inea r  s t r u c t u r a l  dynamic 
ana lyses  by the  f i n i t e  element method. The r e su l t s ,  conclus ions ,  
and obse rva t ions  of o t h e r  i n v e s t i g a t o r s  are discussed f o r  each of 
t he  i n t e g r a t i o n  techniques.  Each technique is i n i t i a l l y  evalu- 
a t e d  i n  a non l inea r  beam a n a l y s i s  ( f i r s t  v i b r a t o r y  mode only)  
t o  determine the  most promising methods f o r  use  i n  s h e l l  ana lyses .  
Only these  promising techniques are then app l i ed  i n  non l inea r  
s h e l l  ana lyses .  Real is t ic  test problems are  used t o  eva lua te  
t h r e e  of t h e  numerical  i n t e g r a t i o n  procedures  as appl ied  i n  s h e l l  
of  r evo lu t ion  ana lyses .  A comparison of t h e  r e s u l t s  obtained by 
each of t h e  methods is made by analyzing t h e  response d a t a  ob- 
t a i n e d  f o r  t h e  lower modes of v i b r a t i o n .  Since e s s e n t i a l l y  t h e  
same response i s  obta ined  by each of t h e  methods, a comparison 
of t h e  e f f i c i e n c i e s  of t h e  var ious  techniques i s  made. This com- 
pa r i son  reveals t h e  s u p e r i o r i t y  of t he  Houbolt method, s o  a 
c r i t i c a l  test of t h i s  technique i s  conducted using a h igh ly  non- 
l i n e a r  t es t  problem. Resul t s  of t h i s  t es t  l end  a d d i t i o n a l  support  
i v  
t o  t h e  s e l e c t i o n  of t he  Houbolt method. F u r  h igh  frequency 
response o t h e r  numerical  techniques may be nore advantageous 
than t h e  Houbolt method. 
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NOMENCLATURE 
Var iab le  
A = c r o s s e c t i o n a l  area of beam 
al9a2’a3 = c o e f f i c i e n t s  i n  t h e  expansion f o r  s h e l l  s lope  repre-  
s e n t  a t  ion  
E = modulus of e l a s t i c i t y  
e = l i n e a r  s t r a i n s  and r o t a t i o n s  of s h e l l  middle s u r f a c e  
A 
F = genera l ized  nodal  fo rce  ( inc lud ing  pseudo non l inea r  
f o r c e )  
G = s h e a r  modulus 
G = G t  1 
G~ = ct3/12 
I A  = number of Four ie r  cos ine  harmonics 
K = s t r u c t u r a l  s t i f f n e s s  ma t r ix  
L = l eng th  of beam element 
M = moment r e s u l t a n t ;  m a s s  marr ix  
N = stress r e s u l t a n t  
0 = orde r  of t he  e r r o r  i n  a f i n i t e  d i f f e r e n c e  express ion  
Q = genera l ized  nodal  f o r c e  (excluding pseudo non l inea r  
force)  ; s h e a r  r e s u l t a n t  
q = gene ra l i zed  nodal displacement ( c y l i n d r i c a l  coord ina tes )  
X 
q = gene ra l i zed  nodal v e l o c i t y  
q = gene ra l i zed  nodal  a c c e l e r a t i o n  
q = t h i r d  d e r i v a t i v e  of t h e  gene ra l i zed  nodal  displacements  
.. 
* e  0 
wi th  r e s p e c t  t o  t i m e  
r = r a d i a l  coord ina te  normal t o  t h e  a x i s  of r evo lu t ion  
s = merid iona l  coord ina te  
T = k i n e t i c  energy 
t = t i m e ;  s h e l l  t h i ckness  
U = s t r a i n  energy 
u,v,w = merid iona l ,  t a n g e n t i a l ,  and normal displacements ,  
r e s p e c t i v e l y  
a = gene ra l i zed  c o e f f i c i e n t  of a displacement func t ion  
B = parameter of genera l ized  a c c e l e r a t i o n  
A t  = t i m e  increment 
E = midsurface non l inea r  s t r a i n  
0 = c i r c u m f e r e n t i a l  angular  coord ina te  
v = Poi s son ' s  r a t i o  
p = mass d e n s i t y  
Cp = angle  between meridian and a x i s  of revolu t ion  i n  the 
undef ormed s h e l l  
@' = d@/ds 
x = changes i n  cu rva tu re  
Matrix 
[ ] = square  mat r ix  
{ 1 = column mat r ix  
xi 
Super sc r ip t  
m = harmonic number 
Subscr ip t  
i = degree of freedom 
L = l i n e a r  
n = t i m e  increment 
NL = non l inea r  
o = i n i t i a l  va lue  
s = merid iona l  d i r e c t i o n  




The increased  use of s h e l l s  as s t r u c t u r a l  elements i n  a i r c r a f t ,  
s p a c e c r a f t  m i s s i l e s ,  and o t h e r  s t r u c t u r e s  r equ i r ing  a minimum 
amount of weight  and a maximum amount of  s t r u c t u r a l  i n t e g r i t y  has  
promoted i f  n o t  n e c e s s i t a t e d  r ap id  advancement i n  the  s t a t e  of the 
a r t  of s h e l l  s t r u c t u r a l  ana lys i s .  Several papers  have been pre- 
sen ted  which survey these  advancements 
Although cons iderable  progress  has  been made i n  the  develop- 
ment of closed-form s o l u t i o n s  f o r  s h e l l  ana lyses ,  t h e s e  cont r ibu-  
t i o n s  are gene ra l ly  l i m i t e d  t o  s p e c i a l i z e d  geometries which 
t h e r e f o r e  restricts t h e  use fu lness  of  t hese  advancements A s  y e t  
c losed  form s o l u t i o n s  f o r  gene ra l  s h e l l  equa t ions  have no t  been 
presented .  Perhaps the  most s i g n i f i c a n t  advancements i n  s h e l l  
a n a l y s i s  i n  r ecen t  years  u t i l i z e  numerical  techniques appl ied  wi th  
t h e  a i d  of high-speed d i g i t a l  computers. Computer codes which are 
capable  of c a l c u l a t i n g  the  response of complex s h e l l  problems t o  
realis t i c  s t a t i c  and dynamic loading  environments have been assem- 
b led .  An assessment of c u r r e n t  c a p a b i l i t i . e s  f o r  computer a n a l y s i s  
of s h e l l  s t r u c t u r e s  has  been presented  by HartungS5 
Ref. 5, "with t h e  development of the  computer, t h e  s o l u t i o n  t o  
A s  r epor t ed  i n  
The c i t a t i o n s  on t h e  fo l lowing  pages follow the  s t y l e  of t he  
AIAA Journa l .  
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complex s h e l l  problems involv ing  such th ings  as geometric and 
material n o n l i n e a r i t i e s ,  a n i s o t r o p i c  and inhomogeneous material be- 
hav io r  $ d i s c r e t e  s t i f f e n i n g  and l o c a l  re inforcement  y a r b i t r a r y  
geometry and very gene ra l  loading  became poss ib l e .  " 
While t h e  most r ap id  advancements i n  s h e l l  s t r u c t u r a l  ana lys i s  
techniques have undoubtedly occurred i n  the  development of computer 
codes6-10 f o r  s t a t i c  ana lyses ,  t h e  development of 
dynamic ana lyses  has  been g r e a t l y  a c c e l e r a t e d  i n  recent  yea r s .  
The development of these  codes is d i r e c t l y  r e l a t e d  t o  i nc reases  i n  
t he  s t o r a g e  space and the  accompanying decreases  i n  computation 
t i m e  allowed by t h e  p r e s e n t  genera t ion  of d i g i t a l  computers. A l -  
though dynamic analyses  remain expensive these  analyses  are w e l l  
w i t h i n  the  realm of p r a c t i c a l  a p p l i c a t i o n s  provid ing  care i s  taken 
t o  make t h e  computer codes as e f f i c i e n t  as poss ib l e .  
f o r  
Two b a s i c  methods of a n a l y s i s  can be  u t i l i z e d  t o  e f f e c t  a 
s o l u t i o n  t o  t h e  equat ions  of motion de r ived  f o r  s h e l l  dynamic 
ana lyses  e The mode supe rpos i t i on  method17 r e q u i r e s  the  s o l u t i o n  
of t h e  eigenvalue problem a s s o c i a t e d  wi th  the  f r e e  v i b r a t i o n s  of 
t h e  s t r u c t u r e .  A coord ina te  t ransformat ion  is  then made t o  un- 
couple the  equat ions  of motion. This t ransformat ion  t o  p r i n c i p a l  
coord ina tes  is performed us ing  the  e igenvec tors  a s soc ia t ed  wi th  t h e  
free v i b r a t i o n  of the  s h e l l ,  This technique is  no t  app l i ed  i n  
many of t he  r e c e n t  computer codes s i n c e  computational problems are 
encountered i n  uncoupling the  equat ions  of motion when l a r g e  systems 
of equat ions  are t o  be so lved ,  I n  a d d i t i o n ,  the  mode supe rpos i t i on  
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method i s  based upon the  assumption of l i n e a r  s t r u c t u r a l  behavior  
and t h e r e f o r e  cannot be used f o r  non l inea r  analyses  
The second method of  dynamic a n a l y s i s  uses numerical  i n t eg ra -  
t i o n  of t he  equat ions  of motion wi thout  n e c e s s i t a t i n g  a transforma- 
t i o n  of coord ina tes  The numerical  i n t e g r a t i o n  technique ( a l s o  
r e f e r r e d  t o  as t h e  step-by-step method) i s  cha rac t e r i zed  by the  
c a l c u l a t i o n  of t h e  response a t  some t i m e ,  t ,  followed by t h e  inc re -  
menting of t he  t i m e  by a f i n i t e  (but u sua l ly  r e l a t i v e l y  smal l )  
amount, A t .  The response a t  t i m e ,  ( t  + At) i s  then c a l c u l a t e d .  
This process  i s  repea ted  u n t i l  the  response i s  obta ined  f o r  the 
des i r ed  pe r iod  of t i m e .  Since the step-by-step method of s o l u t i o n  
i s  r e a d i l y  adaptab le  f o r  use i n  non l inea r  ana lyses ,  numerical  i n -  
t e g r a t i o n  procedures  are employed i n  most of  the dynamic response 
codes which have been r e c e n t l y  developed. A large number of 
methods f o r  numerical ly  i n t e g r a t i n g  t h e  equat ions  of motion are 
a v a i l a b l e .  
The purpose of t he  p r e s e n t  s tudy  is  t o  i n v e s t i g a t e  t h e  e f -  
f i c i e n c y ,  s t a b i l i t y ,  and accuracy of a wide v a r i e t y  of numerical  
i n t e g r a t i o n  procedures  i n  o r d e r  t o  determine the optimum procedure 
f o r  use i n  t h e  computer code (DYNASOR) descr ibed  i n  Refs. 1 4  and 
15. This code has  been developed a t  Texas ASIM Univers i ty  t o  
analyze t h e  non l inea r  dynamic response of s h e l l s  of r evo lu t ion  
r e s u l t i n g  from a wide v a r i e t y  of mechanical and thermal loading  
condi t ions  By ob ta in ing  the  most e f f i c i e n t  numerical  s o l u t i o n  
technique ,  t h e  computer t i m e  and hence t h e  c o s t  requi red  t o  o b t a i n  
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t h e  dynamic response of s h e l l  s t r u c t u r e s  can be g r e a t l y  reduced, 
By compiling, formula t ing ,  and d i scuss ing  the  v a r i a t i o n s  of a re- 
l a t i v e l y  l a r g e  number of  numerical  i n t e g r a t i o n  techniques i t  i s  
hoped t h a t  t h i s  r epor t  w i l l  s e rve  as a va luab le  r e fe rence  f o r  the 
many r e sea rche r s  who d e s i r e  t o  employ numerical  fbrmulat ions f o r  
s t r u c t u r a l  dynamic ana lyses .  
The formulat ion of t h e  equat ions  of motion (Chapter 11) f o r  
t h e  DYNASOR code u t i l i z e s  the  ma t r ix  displacement methodl * of  
s t r u c t u r a l  ana lys i s .  This  method has  been used ex tens ive ly  i n  
l i n e a r  s t r u c t u r a l  ana lyses  and has been employed e f f e c t i v e l y  i n  a 
number of non l inea r  ana lyses .  
survey a r t ic les  t o  desc r ibe  t h e  non l inea r  con t r ibu t ions .  I n  a 
number of  s t u d i e s  geometric n o n l i n e a r i t i e s  have been incorpora ted  
us ing  a geometr ic  s t i f f n e s s  ma t r ix  which must be incremented as 
the  displacements vary.  S t r i c k l i n ,  Haisler, MacDougall~ and 
Stebbins6 have presented  a formulat ion which treats the non l inea r  
con t r ibu t ions  as pseudo loads .  Advantages accrued us ing  t h i s  f o r -  
mulation are d iscussed  i n  Ref. 14. Since t h e  formulat ion of  t he  
equ i l ib r ium equat ions  has  been presented  i n  d e t a i l  i n  Ref. 1 4 ,  an 
overview of t h e  formulat ion i s  presented  i n  Chapter I1 f o r  com- 
p l e  teness  . 
Oden19 and Martin2' have compiled 
Severa l  numerical  i n t e g r a t i o n  procedures2 1-25 are d iscussed  i n  
t h i s  s tudy wi th  each of t h e  methods being formulated (Chapter 111) 
f o r  the  s o l u t i o n  of  the equat ions  of motion incorpora ted  i n  the  
5 
DYNASOR code. I n  a d d i t i o n  t o  p re sen t ing  t h e  var ious  formulat ions , 
t h e  r e s u l t s ,  observa t ions  and conclusions obta ined  by o t h e r  re- 
s e a r c h e r ~ ~ ~ - ~ ~  are d iscussed .  The advantages and disadvantages of  
applying each numerical  technique are d iscussed  along wi th  t h e  re- 
l a t i v e  amounts of s t o r a g e  space r equ i r ed  by each procedure.  
An eva lua t ion  of  each of t h e  methods is  presented  i n  Chapter 
I V .  The accuracy,  s t a b i l i t y ,  and e f f i c i e n c y  of each procedure are 
eva lua ted .  A j ud ic ious  choice of  t h e  methods t e s t e d  i n  t h e  non- 
l i n e a r  s h e l l  of r evo lu t ion  code i s  made. I n  t h i s  s tudy the  numeri- 
c a l  procedures  are i n i t i a l l y  eva lua ted  i n  a r e l a t i v e l y  s imple ,  bu t  
neve r the l e s s  non l inea r ,  a n a l y s i s  of a beam v i b r a t i o n  problem. 
Only the  most promising methods of s o l u t i o n  are then eva lua ted  i n  
s h e l l  of r evo lu t ion  ana lyses .  The choice of t he  optimum procedure 
is  based upon the  amount of computer t i m e  r equ i r ed  t o  determine a 
s a t i s f a c t o r y  s o l u t i o n  t o  t h e  problems under cons ide ra t ion .  
Many of t he  conclusions drawn i n  t h i s  s tudy as w e l l  as t h e  
observa t ions  made concerning the  i n t e g r a t i o n  procedures are n o t  only 
app l i cab le  i n  t h e  s h e l l  of r evo lu t ion  ana lyses  conducted us ing  t h e  
DYNASOR code b u t  can a l s o  be genera l ized  f o r  a p p l i c a t i o n  i n  a wide 
v a r i e t y  of important  s t r u c t u r a l  dynamic a n a l y s e s ,  as w e l l  as i n  
non l inea r  ana lyses  r e q u i r i n g  the  s o l u t i o n  o f  systems of second- 
o r d e r  d i f f e r e n t i a l  equat ions  # 
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CHAPTER I1 
FORMULATION FOR SHELL OF REVOLUTION ANALYSES 
Equations of  motion f o r  t he  non l inea r  dynamic a n a l y s i s  of 
s h e l l s  of r evo lu t ion  by the  mat r ix  displacement method are formu- 
l a t e d  i n  t h i s  chapter .  Documentation of the  formulat ion used i n  
the  eva lua t ion  of numerical  i n t e g r a t i o n  procedures i s  necessary 
s i n c e  t h e  s t a b i l i t y  as w e l l  as the speed of t h e  numerical  technlques 
i s  dependent upon t h i s  formulat ion* 
Development of the DYNASOR code has  been a l o g i c a l  s t e p  i n  ex- 
tending  the  a p p l i c a t i o n  of the  f i n i t e  element method of s t r u c t u r a l  
ana lys i s .  The curved element employed i n  t h i s  a n a l y s i s  w a s  develop- 
ed by S t r i c k l i n ,  Navaratna,  and Pian.35 
mulated the  displacement func t ion .  Employing the  non l inea r  s h e l l  
theory of N o v o ~ h i l o v , ~ ~  s t a t i c  nonl inear  analyses  of s h e l l s  of 
r evo lu t ion  can be performed us ing  the  formulat ion and computer code 
descr ibed  i n  Ref. 6 .  The DYNASOR codeI4 w a s  developed us ing  t h i s  
s t a t i c  formulat ion and inco rpora t ing  the  i n e r t i a  e f f e c t s  e A con- 
s i s t e n t  mass ma t r ix  which inc ludes  the  e f f e c t s  of r o t a r y  i n e r t i a  
i s  u t i l i z e d  i n  t h e  equat ions  of motion. 
Grafton and S t r ~ m e ~ ~  for -  
The n o n l i n e a r i t i e s  considered i n  t h i s  a n a l y s i s  are t h e  r e s u l t  
of the  geometry of the deformed s h e l l  and are no t  i n  any way the  
r e s u l t  of t h e  material of which the  s h e l l  is composed. I n  o t h e r  
words e las t ic  behavior  of the  material i s  assumed. 
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S t r u c t u r a l  I d e a l i z a t i o n  
In  t h i s  a n a l y s i s  t he  s h e l l  of r evo lu t ion  is  i d e a l i z e d  as a 
sequence of curved elements whose s lope  i n  t h e  meridional  d i r e c t i o n  
(s) can be represented  by a second o r d e r  polynomial func t ion  
I 
I 
2 $ = a  f a s + a s  
1 2  3 1  
The c o e f f i c i e n t s  of t h i s  polynomial are c a l c u l a t e d  by r e q u i r i n g  the  
s lopes  of t he  i d e a l i z e d  s h e l l  a t  t h e  ends of each element t o  be 
i d e n t i c a l  t o  the  s l o p e s  of the  a c t u a l  s h e l l  a t  those  p o i n t s .  The 
elements of  t he  i d e a l i z e d  s h e l l  are assumed t o  be in te rconnec ted  
a t  a d i s c r e t e  number of  nodal circles s i t u a t e d  on the  boundaries  of 
the  elements. The displacements of t hese  nodes are the  unknown 
q u a n t i t i e s  i n  t h i s  ana lys i s .  Figure 1 d e p i c t s  the coord in i za t ion  
of t h e  s h e l l  of r evo lu t ion  element employed i n  t h i s  a n a l y s i s .  
Equations of Motion 
The ma t r ix  displacement method of s t r u c t u r a l  a n a l y s i s  (an 
energy formulat ion)  r e a d i l y  admits a p p l i c a t i o n  of LaGrange ' s  
equat ion  t o  d e r i v e  the  equ i l ib r ium equat ions  One equat ion  cor- 
responding t o  a p a r t i c u l a r  degree of freedom, qi,  and a p a r t i c u l a r  





q i  = genera l ized  degree of freedom i i n  harmonic m. 
The i n t e r n a l  energy of any system i s  a scalar q u a n t i t y  and can 
t h e r e f o r e  be determined (even i n  non l inea r  ana lyses)  by superim- 
posing t h e  con t r ibu t ions  from va r ious  sources  I n  t h i s  a n a l y s i s  
t h e  i n t e r n a l  energy i s  sepa ra t ed  i n t o  two p a r t s :  




U = s t r a i n  energy based on l i n e a r  s t ra in-d isp lacement  r e l a t i o n s  
U = s t r a i n  energy r e s u l t i n g  from n o n l i n e a r i t i e s  
Equi l ibr ium equat ions  in .  ma t r ix  n o t a t i o n  can be  determined f o r  
a p a r t i c u l a r  harmonic by s u b s t i t u t i n g  Eq. 3 i n t o  Eq. 2.  These 
equat ions  of motion f o r  t h e  mth harmonic can be expressed as 
[ 8 ] { i m )  + [Km]{qm} = {Qm) - - auNL ( 4 )  
aqm 
It  is  noted t h a t  by us ing  Eq. 4 t h e  con t r ibu t ion  of the  geo- 
metric n o n l i n e a r i t i e s  are t r e a t e d  as a d d i t i o n a l  loads  and are 
t h e r e f o r e  termed pseudo non l inea r  fo rces  The coupling between 
t h e  va r ious  Four ie r  harmonics appears  only i n  t h e  express ions  f o r  
t hese  loads .  The s t i f f n e s s  mat r ix  which appears  on t h e  le f t -hand  
s i d e  of Eq. 4 can t h e r e f o r e  be  t r e a t e d  as a ma t r ix  of cons t an t s  
and does n o t  have t o  b e  incremented as the  t i m e  (and hence t h e  d i s -  
placement vec to r )  v a r i e s .  
The remaining s e c t i o n s  of t h i s  chapter  desc r ibe  the  ca l cu la -  
t i o n  of t h e  va r ious  terms which appear i n  Eq. 4 .  
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Strain-Displacement Rela t ions  
The r e l a t i o n s h i p s  between the  s t r a i n s  and t h e  displacements  
must be s p e c i f i e d  i f  the i n t e r n a l  energy i s  t o  be formulated i n  
t e r m s  of the  displacements  of the  i d e a l i z e d  s h e l l ,  Geometric non- 
l i n e a r i t i e s  are incorpora ted  i n t o  t h i s  a n a l y s i s  by assuming t h a t  
the  only important  n o n l i n e a r i t i e s  are the  second-order cont r ibu-  
t i o n s  due t o  r o t a t i o n s  about  t h e  s h e l l  coord ina te  axes .  U t i l i z i n g  
t h i s  assumption the  s t ra in-displacement  r e l a t i o n s  presented  by 
N o v o ~ h i l o v ~ ~  can be w r i t t e n  f o r  s h e l l s  of r evo lu t ion  as 
A 1 ^  2 
E = e  + - e  
S s 2 1 3  
A l A  2 
E = e  + - e  0 0 2 23 
n A h  
+ e13e23 s o  s o  E = e  
A 
e = ( a d a s )  - (pew 
S 
A 
e = ( l / r ) [ (av /ae)  + u s i n +  + w cos+]  0 
A 
e = ( l / r ) ( a t i / ae )  - (v/r)s in(p + av/as 
se 
A 
= ( a d a s )  + u + ?  e13 
A 
e = ( l / r ) ( aw/ae )  - (v c o s + ) / r  23 
( 5 )  




xs = - ae13/as 
A A 
13 xe = - ( l / r ) ( a e 2 3 / a e )  - ( l / r ) s i n +  e (7)  
A A A 
S t r a i n  ( I n t e r n a l )  Energy 
An express ion  f o r  t h e  de te rmina t ion  of the  s t r a i n  energy i n  an 
o r t h o  t r o p i c  s h e l l  as developed by Ambartsumian3 i s  
u = - 1 /I ( C  E 2 + C2Ee + ~ v ~ ~ C ~ E ~ E ~  + 2 2 I s  
The i n t e g r a l s  around t h e  circumference are eva lua ted  i n  c losed  form 
f o r  each o f  the  harmonics whi le  s t r i p  i n t e g r a t i o n  of the  v a r i a b l e s  
i s  employed over  t h e  l eng th  of each element.  
The i n t e r n a l  energy based upon l i n e a r  theory ,  ULg can be ob- 
A 
t a ined  by r e p l a c i n g  the  E ' S  i n  Eq. 8 by the  corresponding e ' s .  
The terms of the  element s t i f f n e s s  matrices are obta ined  from t h e  
i n t e r n a l  energy of the  elements and are transformed t o  t h e  g loba l  
( s t r u c t u r a l )  coord ina tes  be fo re  assembling the  s t r u c t u r a l  s t i f f n e s s  
mat r ix .  
I n t e r n a l  energy of an element r e s u l t i n g  from geometric non- 
l i n e a r i t i e s  i s  given by the  expression: ,  
1 2  
(y 1 vsOcl + Gl)e13 2 A  e23 2]rdsd0 
The. r e t e n t i o n  of t he  fourth-order  con t r ibu t ions  has  been shown39 
t o  be e s s e n t i a l  f o r  analyses  where the  non l inea r  con t r ibu t ions  arc 
s i g n i f i c a n t .  Conservative r e s u l t s  are noted i f  the  fourth-order  
terms are neglec ted .  
The genera l ized  fo rces  due t o  t h e  geometr ic  n o n l i n e a r i  t ies  can 
be c a l c u l a t e d  f o r  each degree of freedom by tak ing  t h e  p a r t i a l  de- 
r i v a t i v e  of the  non l inea r  s t r a i n  energy wi th  r e spec t  t o  the  genera- 
l i z e d  coord ina tes  of t h e  i d e a l i z e d  s h e l l .  
l 
The genera l ized  f o r c e s  
due t o  t h e  n o n l i n e a r i t i e s  are then combined a t  each po in t  i n  t i m e  
wi th  t h e '  fo rces  r e s u l t i n g  from t h e  e x t e r n a l  loads  to  gentirate t h e  
right-hand s i d e  of t he  equat ions  of motion (Eq. 4 ) .  Calcu la t ion  
of  t he  pseudo gene ra l i zed  f o r c e s  is  d iscussed  i n  more d e t a i l  i n  
Ref. 1 4 .  
Displacement Funct ions 
In  o r d e r  t o  apply the  matrix displacement method of  s t r u c t u r a l  
a n a l y s i s ,  displacement func t ions  must be chosen t o  uniquely de f ine  
t h e  s ta te  of displacement ( and hence s t r a i n )  w i t h i n  each element 
i n  terms of the  displacements of t he  nodes of  t he  element.  
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Cer t a in  requirements should be m e t  by the  assumed displacement 
functions. ' '  Cont inui ty  of the (j-l)th d e r i v a t i v e  of the d i s -  
placement i n  a p a r t i c u l a r  d i r e c t i o n  is requi red  between elements 
if t h e  express ion  f o r  t h e  i n t e r n a l  energy of an element is a func- 
t i o n  of t h e  jth d e r i v a t i v e  of t he  displacement i n  the  same d i r e c t i o n .  
The l i n e a r  s t r a i n  energy depends upon t h e  second d e r i v a t i v e  of 
the  normal displacement ,  w ,  wi th  r e spec t  t o  s. A th i rd-order  
polynomial i n  s i s  t h e r e f o r e  requi red  i n  t h i s  express ion  t o  s a t i s f y  
con t inu i ty  between t h e  elements.  The non l inea r  s t r a i n  energy i s  a 
func t ion  of only the  f i r s t  d e r i v a t i v e  of w s o  a l i n e a r  displacement 
func t ion  s a t i s f i e s  compa t ib i l i t y  when s u b s t i t u t e d  i n t o  E q .  9. 
D i f f e ren t  displacement func t ions  can t h e r e f o r e  be used,  wi thout  
v i o l a t i n g  compat ib i l i ty ,  i n  t h e  express ions  f o r  t h e  l i n e a r  and non- 
l i n e a r  s t r a i n  energy e 
The displacements  of the  elements are represented  i n  t h i s  
a n a l y s i s  by t h e  fol lowing func t ions :  
In 'NL 
i I A  
i = O  
w = c  (ai + a6s)cos  i o  
In  both U and UNL L 
i I A  
i = O  
u = c  (a7 + ags)cos  i o  
i4 
* 







It is i n t e r e s t i n g  t o  n o t e  t h a t  polynomial func t ions  are used 
t o  r e p r e s e n t  displacement v a r i a t i o n s  i n  t h e  meridional  d i r e c t i o n  
while  a Four i e r  series expansion is  u t i l i z e d  i n  t h e  c i r cumfe ren t i a l  
d i r e c t i o n .  Each node of the i d e a l i z e d  s t r u c t u r e  is  allowed four  
degrees  of freedom: t h r e e  t r a n s l a t i o n s  (u ,  v ,  and w) and one 
r o t a t i o n  (@). 
Once t h e  displacement func t ions  have been chosen t h e  element 
s t i f f n e s s  matrices and the  ensuing  s t r u c t u r a l  s t i f f n e s s  ma t r ix  can 
be determined by cons ider ing  the  i n t e r n a l  energy f o r  each element ,  
Stress Resul tan ts  
The stress r e s u l t a n t s  f o r  o r t h o t r o p i c  s h e l l s  may be expressed 
as func t ions  of  t he  s t r a i n s  and curva tures  by t h e  express ion  
v c  0 0 0 0 c1 se 1 
vesc2 c2 
0 0 0 0 
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The approximate r e l a t i o n s  used t o  c a l c u l a t e  t he  s h e a r  r e s u l t a n t s  
are 
- Me s i n + ]  i a  aMs e Qs = r [z (rMs) + - ae 
i a  aMe 
9, = [as ( r M s e >  + se 4- M s i n + ]  
The s t r a i n s  and curva ture  changes are c a l c u l a t e d  a t  the  middle of 
each element u s ing  t h e  assumed displacement func t ions  a Equations 
1 4  and 15 are then employed t o  determine the  s t a t e  of stress. 
Mass Matrix 
The element mass matrices are c a l c u l a t e d  from t h e  express ion  
f o r  the  k i n e t i c  energy of the  element i n  a manner similar t o  t h e  
procedure employed t o  determine the  element s t i f f n e s s  mat r ices  
from the  s t r a i n  energy. A c o n s i s t e n t  element mass mat r ix ,  f i r s t  
proposed by Archer ,40 is  developed. Inc lus ion  of t he  e f f e c t s  of 
r o t a r y  i n e r t i a  makes the  element m a s s  ma t r ix  a func t ion  of  the 
harmonic number. A d i f f e r e n t  element mass mat r ix  must t h e r e f o r e  
be ca l cu la t ed  f o r  each Four ie r  harmonic. The element mass mat r ices  
are assembled t o  form t h e  s t r u c t u r a l  m a s s  ma t r ix  us ing  t r a n s f o r -  
mation matrices i d e n t i c a l  t o  those  used f o r  t h e  b u i l d i n g  of t h e  
s t r u c t u r a l  s t i f f n e s s  matr ix .  
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CHAPTER I11 
NUMERICAL, INTEGRATION PROCEDURES 
A v a r i e t y  of numerical  i n t e g r a t i o n  procedures are d iscussed  i n  
t h i s  chapter .  These procedures are formulated t o  so lve  the  
equat ions  of  motion f o r  s t r u c t u r a l  dynamic ana lyses .  The non l inea r  
d i f f e r e n t i a l  equat ions  f o r  each harmonic can be w r i t t e n  i n  the  form 
Equation 1 6  i s  equ iva len t  t o  the  express ion  f o r  t he  equat ions  o €  
motion i n  the  dynamic non l inea r  a n a l y s i s  o f  s h e l l s  of r evo lu t ion  
provid ing  t h e  ma t r ix  of l o a d s ,  { F ( t , q ) ) ,  i s  def ined  as the  r i g h t -  
hand s i d e  of  Eq. 4 .  
The numerical  procedures app l i ed  i n  t h i s  s tudy employ d i f f e r -  
ence equ iva len t s  t o  develop recur rence  r e l a t i o n s  which may be used 
i n  a step-by-step c a l c u l a t i o n  of  t he  response.  U t i l i z i n g  these  re- 
cur rence  r e l a t i o n s  the  response i s  obta ined  a t  a t i m e  t ;  the  t i m e  
i s  then incremented by an amount A t  and the  response i s  obta ined  
a t  t h e  t i m e  t + A t .  This  process  i s  cont inued u n t i l  the  response 
has  been c a l c u l a t e d  f o r  t h e  d e s i r e d  pe r iod  of  t i m e .  The procedures  
employed are sys t ema t i c  and are t h e r e f o r e  e a s i l y  adaptab le  f o r  use  
on high-speed d i g i t a l  computers e 
The i n i t i a l  condi t ions  and t h e  external loads  must be known i n  
o rde r  t o  s o l v e  t h e  i n i t i a l  va lue  problem se t  up i n  t h i s  a n a l y s i s .  
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The i n i t i a l  v e l o c i t y  and displacement vec to r s  are s p e c i f i e d  as 
and 
Although some numerical  methods use  t h e  same formulas €o r  c a l c u l a t -  
i n g  the  response a t  each t i m e  s t e p ,  most s o l u t i o n  schemes r equ i r e  
the  development of  s p e c i a l  procedures f o r  c a l c u l a t i n g  the  d isp lace-  
ments a t  the  end of  the  i n i t i a l  s t e p .  The procedure employed t o  
s ta r t  the s o l u t i o n  is  presented  f o r  each of t he  numerical  s o l u t i o n  
techniques . 
Each of t h e  numerical  i n t e g r a t i o n  procedures  employed i n  t h i s  
a n a l y s i s  i s  d iscussed  a long  wi th  the  resplts and conclusions ob- 
t a i n e d  by r e sea rche r s  who have u t i l i z e d ,  i n v e s t i g a t e d ,  o r  compared 
t h e s e  s o l u t i o n  techniques.  The f i n a l  s e c t i o n  of t h i s  chapter  is  
used t o  d i scuss  e x t r a p o l a t i o n  procedures employed t o  c a l c u l a t e  the  
loads  f o r  the  i m p l i c i t  methods of numerical  i n t e g r a t i o n  employed i n  
t h i s  a n a l y s i s  
I 
I n  t h i s  a n a l y s i s  t h e  s o l u t i o n  is  considered uns t ab le  when t h e  
displacements  become exceedingly l a r g e .  The presence of such an 
i n s t a b i l i t y  can r e a d i l y  b e  de t ec t ed  by cons ider ing  t h e  program out-  
i s  def ined Atcrit’  put .  The c r i t i ca l  t i m e  increment f o r  s t a b i l i t y ,  
as the  smallest t i m e  s t e p  f o r  which the  s o l u t i o n  becomes uns tab le .  
18 
Four th-0 rde r Runge-Ku t t a Fo m u 1  as 
The equat ions  of motion (Eq. 1 6 )  can be solved a t  any po in t  i n  
t i m e  t o  o b t a i n  the  nodal  acce le ra t ions .  For t he  s p e c i a l i z e d  set  of 
equat ions  der ived  f o r  t h i s  s h e l l  ana lys i s  (neg lec t ing  damping 
e f f e c t s )  , t hese  a c c e l e r a t i o n s  are independent of the  nodal ve loc i -  
t ies .  The a c c e l e r a t i o n s  may be w r i t t e n  i n  func t iona l  form as 
For t h i s  se t  of equat ions  the  genera l  fourth-order  forward i n t e g r a -  
t i o n  Runge-Kutta formulas presented  by Hildebrand21 reduce t o  
where 
{mol = A t  G(tn,{qn}) 
{m), = A t  G ( t n  + r 9 { q n  + 2 q n l )  
{m}, = A t  G(tn + F 3 { q n  + 2 qn + -i;- mo)) 
{mI3 = A t  G ( t n  + At,{qn + Atq, + -ml}) 
A t  A t  e 
A t  A t  A t  
0 A t  
2 
U t i l i z a t i o n  of these  one-step formulas provides  a number of 
d e s i r a b l e  advantages over  o t h e r  numerical  schemes: 
1 9  
1, 
2. 
3 .  
4 .  
5. 
The formulas are t h e  same f o r  each t i m e  s t e p  and do 
n o t  r e q u i r e  any s p e c i a l  s t a r t i n g  procedures f o r  t h e  
i n i t i a l  t i m e  increments 
Since the  procedure does no t  r e q u i r e  displacement vec- 
t o r s  from previous  t i m e  s t e p s  t h e  t i m e  increment may 
be e a s i l y  changed a t  any p o i n t  i n  the  c a l c u l a t i o n s .  
The e x p l i c i t  formulat ion of t he  Runge-Kutta technique 
r e a d i l y  permits  a p p l i c a t i o n  of  t hese  formulas i n  non- 
l i n e a r  ana lyses  s i n c e  i t e r a t i o n  i s  n o t  requi red .  
The r e l a t i v e l y  high o rde r  of t he  t runca t ion  e r r o r  [ t h e  
t r u n c a t i o n  e r r o r  i n  a fourth-order  Runge-Kutta so lu-  
t i o n  is of o rde r  (At)5] permi ts  the  de te rmina t ion  of 
very accu ra t e  r e s u l t s .  
The formulas can possess  a t  worst  a weak i n s t a b i l i t y 2 6  
( i . e .  the  technique is uns t ab le  f o r  A t  > ( A t )  but  c r i t  
i s  s t a b l e  f o r  smaller t i m e  s t e p s ) .  
These i n h e r e n t  advantages are o f f s e t  i n  some cases by the d i s -  
advantages i n h e r e n t  i n  t h e  procedure.  The major disadvantage noted 
i n  applying t h e s e  Runge-Kutta formulas i s  t h a t  i t  i s  necessary  t o  
c a l c u l a t e  t h e  a c c e l e r a t i o n  v e c t o r  fou r  ( 4 )  t i m e s  f o r  each s t e p  of 
t he  advancing c a l c u l a t i o n .  Since a set of simultaneous a l g e b r a i c  
equat ions  must be so lved  t o  determine t h e  a c c e l e r a t i o n s ,  a l a r g e  
amount of  computer t i m e  may be r equ i r ed  by t h i s  numerical  s o l u t i o n  
technique.  In  o r d e r  t o  be competi t ive wi th  o t h e r  numerical  s o l u t i o n  
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r o u t i n e s  (which r e q u i r e  the  s o l u t i o n  of only one set of simul- 
taneous equat ions  p e r  t i m e  s t e p )  t he  c r i t i c a l  t i m e  increment f o r  
t h e  Runge-Kutta method must be s u b s t a n t i a l l y  l a r g e r  (p re fe rab ly  by 
a f a c t o r  of a t  least  4) than t h e  s t e p  allowed by o t h e r  methods. 
Houbolt Method 
The f i n i t e  d i f f e r e n c e  method of s o l u t i o n  developed by Houbolt22 
f o r  use i n  dynamic s t r u c t u r a l  response s t u d i e s  of a i r c r a f t  can be 
adapted f o r  use i n  the  p re sen t  s h e l l  a n a l y s i s ,  The a c c e l e r a t i o n  
v e c t o r  i n  the  equ i l ib r ium equat ions  is  rep laced  by an equ iva len t  
f i n i t e  d i f f e r e n c e  express ion  and t h e  r e s u l t i n g  mat r ix  equat ion  i s  
so lved  f o r  t h e  displacements a t  t h e  end of each t i m e  s t e p .  
The nodal  a c c e l e r a t i o n s  are approximated by the  fol lowing 
f i n i t e  d i f f e r e n c e  express ion:  
.. 
S u b s t i t u t i n g  Eq. 22 i n t o  Eq. 1 6  and s impl i fy ing  y i e l d s  an expres-  
s i o n  of t he  form: 
This express ion  i s  used t o  determine t h e  response a t  the  end 
of each t i m e  increment except  t h e  f i r s t .  A s p e c i a l  procedure must 
be employed i n  o r d e r  t o  c a l c u l a t e  t h e  displacements  a t  t h e  end of 
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t h e  f i r s t  t i m e  s t e p  (n = 0 )  s i n c e  t h e  values  of t he  displacement 
vec to r s  {q-l} and (q-2} are unknown. 
In  a d d i t i o n  t o  the  i n i t i a l  v e l o c i t i e s  and displacements  which 
are s p e c i f i e d ,  t h e  i n i t i a l  a c c e l e r a t i o n s  may be ca l cu la t ed  by con- 
s i d e r i n g  Eq. 16 a t  t i m e  t = 0 o r  by employing Newton's second l a w  
of motion: 
.. 
[MIEqo} = (F(O,q 0 1) - [ K l ( q o }  ( 2 4 )  
Difference  express ions  can then be used t o  develop equat ions  t o  
r e l a t e  the known i n i t i a l  condi t ions  t o  the  f i c t i t i o u s  mat r ices  
(q-,} and (q-2} a The d i f f e r e n c e  express ions  employed are 
and 
Equation 25 can be  so lved  f o r  {q-,) and w r i t t e n  as 
Equations 26 and 27 can now be  
These las t  two express ions  can 
combined t o  y i e l d  
6AtC{03 + 9CqoI - SCq,} (28) 
be s u b s t i t u t e d  i n t o  Eq .  23 t o  y i e l d  
an express ion  t o  be  so lved  t o  o b t a i n  t h e  displacements  a t  t h e  end 
of t h e  f i r s t  t i m e  s t e p  (n  = 0) provid ing  t h e  fo rces  a t  the end of 
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the  s t e p  are approximated by those  a t  t h e  start  of t h e  c a l c u l a t i o n s :  
+ 6At4, + 6q01 
Having determined the  displacements a t  t h e  end of t he  f i r s t  s t e p  a 
f i c t i t i o u s  v e c t o r ,  {q-l}, of displacements  can be  c a l c u l a t e d  us ing  
E q .  27. Equation 23 can then be  used t o  c a l c u l a t e  t he  displacements  
a t  t he  end of the  second and a l l  succeeding t i m e  s t e p s .  It should 
be noted t h a t  u t i l i z i n g  t h i s  f i c t i t i o u s  set  of displacements  does 
n o t  v i o l a t e  i n  any way t h e  p re sc r ibed  i n i t i a l  condi t ions .  
The s t a b i l i t y  of the  Houbolt procedure has  been i n v e s t i g a t e d  
by r e sea rche r s  and has  been proved i n  Ref. 27 t o  be  uncondi t iona l ly  
s t a b l e  when u t i l i z e d  i n  t h e  s o l u t i o n  of l i n e a r  s t r u c t u r a l  dynamics 
problems. 
i n  t h i s  a n a l y s i s  i n  the  manner prev ious ly  employed by Leech, Hsu, 
and Mack28 i n  a s t a b i l i t y  s tudy  of the  second-order c e n t r a l  d i f -  
f e r ence  approximation of t he  a c c e l e r a t i o n  vec to r  e 
The procedure developed by von Neumann'l w a s  appl ied  
The research  presented  earlier by Levy and Krol12' p r e d i c t s  
t h i s  i n h e r e n t  s t a b i l i t y  by no t ing  the  presence  o f  a decaying ex- 
ponen t i a l  i n  t h e  homogeneous s o l u t i o n  * This  exponent ia l  term tends 
t o  s i g n i f i c a n t l y  damp t h e  responses i n  t h e  h ighe r  modes of v ibra-  
t i o n  when l a r g e  va lues  of the  t i m e  increment are used, I n  a d d i t i o n  
the procedure i s  shown t o  decrease  t h e  n a t u r a l  frequency of the  
system. Of t h e  methods i n v e s t i g a t e d  by Levy and K r o l l ,  " the  Houbolt 
method i s  the  only one which g ives  convergent r e s u l t s  f o r  l a r g e  
2 3  
t i m e  increments." 
The Houbolt procedure has been eva lua ted  i n  s h e l l  ana lyses  by 
Johnson and Gre i f . 30  
p u t e r  code t o  evaluate t h e  l i n e a r ,  e las t ic  response of t h i n  
c y l i n d r i c a l  s h e l l s  us ing  a f i n i t e  d i f f e r e n c e  formulat ion f o r  t he  
s p a t i a l  coord ina tes  The Houbolt ( i m p l i c i t )  procedure w a s  compared 
w i t h  the  second-order c e n t r a l  d i f f e r e n c e  formulas used i n  many 
dynamic ana lyses .  It w a s  concluded t h a t  " the e x p l i c i t  method tends 
t o  be  more e f f i c i e n t  when t h e  response varies r a p i d l y ,  whereas t h e  
Houbolt method tends t o  be more e f f i c i e n t  f o r  t h e  p r e d i c t i o n  of 
s lower  responses ."  The Houbolt procedure w a s  found t o  be the  
more f l e x i b l e  of t h e  two methods s i n c e  unequal spacings ( i n  the  
s p a t i a l  d i r e c t i o n s )  and l a r g e  t i m e  increments could be  r e a d i l y  
u t i l i z e d .  The damping i n h e r e n t  i n  t h e  Houbolt procedure w a s  a l s o  
noted i n  Ref. 30. I n  o r d e r  f o r  t he  output  of a p a r t i c u l a r  v ibra-  
t o r y  mode t o  appear undamped the time increment At w a s  requi red  
t o  be  less than about 1/50 of t he  pe r iod  of t h e  mode be ing  analyzed.  
This  technique was incorpora ted  i n t o  a com- 
Stephens and Fulton31 have s u c c e s s f u l l y  employed t h i s  method 
of  numerical  i n t e g r a t i o n  t o  o b t a i n  t h e  axisymmetric dynamic re- 
sponse of s p h e r i c a l  caps t o  c e n t r a l l y  d i s t r i b u t e d  p res su re  loadings .  
The non l inea r  equat ions  of motion w e r e  l i n e a r i z e d  using a Newton- 
Raphson procedure which n e c e s s i t a t e s  i t e r a t i o n  a t  each t i m e  s t e p  
t o  determine a s a t i s f a c t o r y  s o l u t i o n .  
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Chan, Cox, and Benf ie ld  Procedure 
S t r u c t u r a l  dynamics problems may be so lved  using t h e  method of 
s o l u t i o n  presented  i n  Ref. 23 by Chan, Cox, and Benf ie ld .  This 
numerical  method i s  der ived  d i r e c t l y  from t h e  equat ions  of motion 
of t h e  system. The r e s u l t i n g  equat ions  can be  r e a d i l y  app l i ed  t o  a 
wide v a r i e t y  of multi-degree-of-freedom problems i n  s t r u c t u r a l  
dynamics. 
A s  noted by o t h e r  r e sea rche r s  ,23 y 3 2  t h i s  numerical  technique 
is  a s p e c i a l i z e d  ve r s ion  of t h e  more genera l  technique developed by 
Unless t h i s  ve r s ion  of the  Newmark formulat ion i s  used, 
damping ( e i t h e r  p o s i t i v e  o r  nega t ive)  i s  in t roduced  i n t o  the  re- 
sponse.  
The numerical  s o l u t i o n  of t he  d i f f e r e n t i a l  equat ions  of motion 
f o r  t he  dynamic system i s  accomplished u t i l i z i n g  the  fol lowing 
f i n i t e  d i f f e r e n c e  r e l a t i o n s  : 
* .. 
I = {in} + +n+l A t  *' + qn l  
and 
El imina t ing  the  ma t r ix  of damping from t h e  formulat ion i n  Ref 23 
the displacements  f o r  t h e  (n+l)th t i m e  s t e p  can be c a l c u l a t e d  from 




The response a t  the  end of  each t i m e  s t e p  (except  the f i r s t  one) i s  
c a l c u l a t e d  us ing  Eq. 32. 
A s p e c i a l  procedure i s  necessary  f o r  c a l c u l a t i n g  the  d i sp lace -  
ments a t  t h e  end of t he  f i r s t  t i m e  s t e p .  This procedure i s  neces- 
s a r y  s i n c e ,  f o r  n = 0 ,  t h e  mat r ix  of displacements  {q 1 i s  
unknown. The s t a r t i n g  procedure presented  i n  Ref. 23 s i m p l i f i e s  
-1 
t o  t he  fol lowing express ion  which i s  used t o  c a l c u l a t e  t he  response 
f o r  t he  f irst  t i m e  s t e p :  
where 
An i n h e r e n t  disadvantage i n  applying t h e  Chan, Cox, and Ben- 
f i e l d  procedure i s  ev iden t  i f  t h e  form of Eq. 32 i s  considered.  
This  formulat ion r e q u i r e s  two ma t r ix  m u l t i p l i c a t i o n s  f o r  each har -  
monic during each t i m e  s t e p .  I f  a l a r g e  number of f i n i t e  e lements  
are u t i l i z e d  t o  approximate t h e  s t r u c t u r e ,  t h e  mat r ix  m u l t i p l i c a t i o n s  
w i l l  r e q u i r e  a r e l a t i v e l y  l a r g e  amount of computer t i m e  making t h i s  
method s lower than  t h e  numerical  procedures r equ i r ing  only one 
ma t r ix  m u l t i p l i c a t i o n .  The t i m e  increment which can be u t i l i z e d  
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by t h i s  numerical  procedure must (when compared wi th  o t h e r  methods) 
be  l a r g e  enough t o  o f f s e t  t he  expected i n c r e a s e  i n  computation t i m e  
p e r  s t e p .  
The Chan, Cox, and Benf ie ld  r o u t i n e  i s  an inva luab le  proce- 
dure when app l i ed  i n  a s tudy of t he  e f f e c t i v e n e s s  of va r ious  numeri- 
c a l  procedures s i n c e  a t  least  f i v e  d i f f e r e n t  numerical  procedures  
can be i n v e s t i g a t e d  by vary ing  t h e  parameter of gene ra l i zed  acce l -  
e r a t i o n ,  P. Each of t hese  numerical  procedures  is  c o n s i s t e n t  w i th  
a d i f f e r e n t  assumption concerning t h e  v a r i a t i o n  of t he  a c c e l e r a t i o n  
w i t h i n  t h e  t i m e  increment.  The a c c e l e r a t i o n  parameter i s  used t o  
d e s c r i b e  t h e  v a r i a t i o n  of t he  a c c e l e r a t i o n  w i t h i n  t h e  t i m e  i n c r e -  
ment. Five va lues  of B have been employed i n  t h i s  s tudy t o  inves-  
t i g a t e  f i v e  d i f f e r e n t  numerical  s o l u t i o n  procedures.  
Constant Average Accelera t ion  ( 6  = 1/4) 
S e t t i n g  the  va lue  of $ equa l  t o  114 corresponds t o  us ing  t ra-  
pezo ida l  i n t e g r a t i o n  formulas t o  determine both t h e  displacements  
and the  v e l o c i t i e s  of t h e  system. This t r a p e z o i d a l  i n t e g r a t i o n  
procedure is  c o n s i s t e n t  wi th  the  assumption t h a t  a cons tan t  acce le r -  
a t i o n  e x i s t s  w i t h i n  t h e  i n t e r v a l .  This cons tan t  a c c e l e r a t i o n  has  a 
va lue  equa l  t o  the  mean va lue  of  t h e  i n i t i a l  and f i n a l  a c c e l e r a t i o n s  
of t he  increment.  
This  procedure (B = 1 / 4 )  has  been shown t o  b e  uncondi t iona l ly  
s t a b l e  and t o  possess  no a r t i f i c i a l  o r  i nhe ren t  damping.32 This 
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s t a b i l i t y  had been previous ly  noted i n  Ref. 23 ,  
Linear  Acce lera t ion  ( B  = 1/6)  
A second v a r i a t i o n  of the  Chan, Cox, and Benfield formulas can 
be der ived  us ing  Simpson's one-third r u l e  t o  i n t e g r a t e  t h e  acce lera-  
t i o n s  and t r apezo ida l  i n t e g r a t i o n  of t h e  v e l o c i t i e s .  These formulas 
correspond t o  us ing  B = 1 / 6  and are c o n s i s t e n t  wi th  t h e  assumption 
of a l i n e a r  v a r i a t i o n  of t h e  a c c e l e r a t i o n  w i t h i n  each t i m e  s t e p .  
This numerical  technique has  a l s o  been presented  by Wilson and 
C 1 0 u g h ~ ~  and app l i ed  i n  dynamic analyses  of s t r u c t u r e s  sub jec t ed  t o  
ear thquake loadings .  
Step Function Acce le ra t ion  Var ia t ion  (6 = 1/8) 
The formulas which are der ived  u t i l i z i n g  B = 1/8  can a l s o  be 
shown t o  be  c o n s i s t e n t  w i th  t h e  assumption t h a t  t h e  a c c e l e r a t i o n  
w i t h i n  the  t i m e  increment v a r i e s  as a s t e p  func t ion .  The s t e p  
func t ion  has  a va lue  equal  t o  t h e  i n i t i a l  va lue  of t h e  a c c e l e r a t i o n  
dur ing  the  f i r s t  h a l f  of t h e  t i m e  increment and then uses  the  
f i n a l  va lue  of t h e  s t e p  func t ion  dur ing  the  second h a l f  of the  i n -  
crement * 
Fox and Goodwin Formulation (B = 1 / 1 2 )  
The set of formulas which evolve as a r e s u l t  of u s ing  B = 1 / 1 2  
are i d e n t i c a l  t o  those  presented  by Fox and G o ~ d w i n ~ ~  f o r  the  so lu -  
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t i o n  of o rd ina ry  d i f f e r e n t i a l  equat ions  N e ~ m a r k ~ ~  has concluded 
t h a t  i n  most i n s t ances  b e t t e r  r e s u l t s  are obta ined  i f  l a r g e r  va lues  
of B are used. 
Second-Order Cen t ra l  Di f fe rence  Formulation (B  = 0)  
One of t h e  most commonly used formulat ions f o r  dynamic s t r u c -  
t u r a l  analyses  r e s u l t s  from u t i l i z a t i o n  of  a zero va lue  f o r  t h e  
parameter of gene ra l i zed  acce le ra t ion .  This v a r i a t i o n  is  equiva- 
l e n t  t o  making the  assumption t h a t  t h e  a c c e l e r a t i o n  v e c t o r  can be  
approximated by 
An e x p l i c i t  formula t ion  f o r  t h e  displacements  a t  t h e  end of t h e  
(n+l) th  t i m e  increment r e s u l t s  from t h e  s u b s t i t u t i o n  of Eq. 36 i n t o  
Eq. 16.  
The r e sea rch  conducted by DistefanoZ6 has  e s t a b l i s h e d  the  f a c t  
t h a t  s i n c e  an e x p l i c i t  formula t ion  e x i s t s ,  t h e  procedure can possess  
a t  wors t  a weak i n s t a b i l i t y .  I n  o t h e r  words, t h e  process  w i l l  be  
s t a b l e  f o r  t i m e  increments smaller than  a c e r t a i n  c r i t i c a l  va lue  
(At<Atcrit). For l i n e a r  s t r u c t u r a l  ana lyses  the  c r i t i c a l  va lue  of 
t h e  t i m e  s t e p  as determined by Levy and Kro l lZ9  can be w r i t t e n  as 
( 3 7 )  - A t  c r i  t - 2’wmax 
where 
W = l a r g e s t  n a t u r a l  frequency of  t h e  s t r u c t u r e  max 
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In a more r igo rous  a n a l y s i s ,  Leech, Hsu, and Mack28 e s t a b l i s h e d  
the  va lue  of t h e  cr i t ical  t i m e  s t e p  us ing  t h e  procedure developed 
by von Newman.'l 
In a d d i t i o n  t o  t h e  s t a b i l i t y  s t u d i e s  which have been conducted, 
t h i s  e x p l i c i t  formulat ion has  been u t i l i z e d  i n  a l a r g e  number of 
s t r u c t u r a l  dynamic ana lyses .  S h e l l  dynamic ana lyses  using f i n i t e  
d i f f e r e n c e  formulat ions f o r  t h e  s p a t i a l  coord ina tes  have been per-  
formed u t i l i z i n g  t h i s  formulatgon. 
t h i s  method and compared t h e  e f f i c i e n c y  of t h i s  formulat ion wi th  
t h a t  of t he  Houbolt procedure i n  the l i n e a r  e l a s t i c  response of 
c y l i n d r i c a l  s h e l l s  e This s tudy  i n d i c a t e s  t h a t  t h i s  e x p l i c i t  method 
tends t o  be more e f f i c i e n t  when the  response varies r ap id ly .  Leech, 
W i t m e r ,  and Pian16 and Wrenn, Sobel,  and Si l sby12 employ t h i s  fo r -  
mulat ion i n  computer codes f o r  t h e  non l inea r  a n a l y s i s  of gene ra l  
t h i n  s h e l l s .  
computer codes f o r  t h e  non l inea r  a n a l y s i s  of genera l  t h i n  s h e l l s  
krenn, Sobel,  and S i l s b y  have found t h i s  method t o  be more e f f i c i e n t  
than e i t h e r  the  fourth-order  Runge-Kutta formulat ion o r  t h e  Adams- 
Moulton p red ic to r - co r rec to r  technique Based upon the  r e s u l t s  ob- 
t a i n e d  i n  numerous computer runs ,  they a l s o  r e p o r t  t h a t  " i n  most 
cases  t h e  c r i t i c a l  t i m e  s t e p  i s  EO s m a l l  t h a t  t h e  l a r g e r  t runca t ion  
e r r o r  of t he  f i n i t e  d i f f e r e n c e  method does n o t  create a s e r i o u s  
accuracy problem." 
Johnson and Greif30 eva lua ted  
Wrenn, Sobel ,  and Si lsby12 employ t h i s  formulat.ion i n  
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Parabo l i c  Acce lera t ion  Method 
Another step-by-step i n t e g r a t i o n  procedure which may b e  
employed i n  dynamic a n a l y s i s  a l lows t h e  a c c e l e r a t i o n s  t o  vary para-  
b o l i c a l l y  w i t h i n  each increment of t i m e .  
sen ted  i n  Ref. 24 .  Adapting t h e s e  formulas f o r  t he  s o l u t i o n  of t he  
equat ions  of  motion (Eq. 16), t h e  dynamic response of a s t r u c t u r e  
can be  determined. The nodal  a c c e l e r a t i o n s  a t  t h e  end of each t i m e  
s t e p  a r e  c a l c u l a t e d  us ing  
This  procedure i s  pre-  
where 
The nodal  displacements  are then determined by applying t h e  follow- 
i n g  equat ion:  
.-I 
The va lues  of t h e  v e l o c i t i e s  and t h e  t h i r d  d e r i v a t i v e  of t h e  d i s -  
placements wi th  respect t o  t i m e  are c a l c u l a t e d  f o r  each s t e p  using 
( 4 1 )  
and 
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These v e c t o r s  are used t o  determine t h e  components of t h e  v e c t o r  {A)  
which i s  used t o  c a l c u l a t e  the  a c c e l e r a t i o n s  and displacements  a t  
the  end o f  t h e  n e x t  s t e p .  By success ive ly  applying Eqs. 3 8 ,  4 0 ,  
4 1 ,  and 4 2 ,  t he  s t r u c t u r a l  response can be c a l c u l a t e d  f o r  each t i m e  
s t e p .  
In  o r d e r  t o  s tar t  t h e  c a l c u l a t i o n s  ( f i r s t  t i m e  increment) t he  
i n i t i a l  a c c e l e r a t i o n s  and t h e  i n i t i a l  va lues  of the  t h i r d  der iva-  
t ives  must be ca l cu la t ed  from t h e  given i n i t i a l  v e l o c i t y  and d i s -  
placement v e c t o r s .  The i n i t i a l  a c c e l e r a t i o n s  are determined us ing  
the  equat ions  of motion a t  t h e  i n i t i a l  t i m e  which i s  w r i t t e n  as 
The i n i t i a l  va lues  of t h e  t h i r d  d e r i v a t i v e s  are determined us ing  
Having determined the  va lues  of these  two d e r i v a t i v e s ,  Eq.  38 can 
be used t o  c a l c u l a t e  the  displacements a t  the  end of the  f i r s t  time 
s t e p .  
U t i l i z a t i o n  of t h i s  h ighe r  o rde r  method may r e s u l t  i n  an i n -  
c r ease  of t h e  s i z e  of the  c r i t i c a l  t i m e  s t e p .  The i n c r e a s e  i n  t h i s  
s t e p  s i z e  must be s u b s t a n t i a l  i n  o r d e r  t o  j u s t i f y  employing t h i s  
procedure s i n c e  a r e l a t i v e l y  l a r g e  number of c a l c u l a t i o n s  n u s t  be 
performed f o r  each t i m e  s t e p ,  This i m p l i c i t  f o r m l a t i o n  r e q u i r e s  a 
knowledge of t he  fo rce  vec to r ,  CF(t ,q)) ,  a t  t he  t i m e  increment a t  
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which t h e  displacements  are t o  be c e l c u l a t e d .  The e x t r a p o l a t i o n  
procedures u t i l i z e d  t o  c a l c u l a t e  t hese  fo rces  are presented  i n  t h e  
f i n a l  s e c t i o n  of t h i s  chapter .  
Third-Order E x p l i c i t  Formulation 
A th i rd-order  e x p l i c i t  formulat ion can be developed i f  t he  ac- 
c e l e r a t i o n  vec to r  i n  Eq. 16 is  approximated by the  fol lowing 
expression25 : 
The displacements  a t  the  end of t h e  (n+l)th t i m e  s t e p  can then be 
determ.ined i f  Eq. 45 i s  s u b s t i t u t e d  i n t o  Eq. 16 t o  y i e l d  
This method r e q u i r e s  a knowledge of t h e  response a t  t h e  end of 
f o u r  previous t i m e  s t e p s  i n  o r d e r  t o  c a l c u l a t e  t he  response a t  t h e  
end of t h e  f i f t h  s t e p .  This  requirement  n e c e s s i t a t e s  the  use of a 
l a r g e r  amount of s t o r a g e  space  than  i s  requ i r ed  by t h e  o t h e r  proce- 
dures .  I n  a d d i t i o n  t o  t h e  requirement of  a d d i t i o n a l  s t o r a g e  space ,  
t h i s  explicit procedure r e q u i r e s  a r e l a t i v e l y  l a r g e  amount of  ma t r ix  
opera t ions  s i n c e  fou r  displacement vec to r s  must be summed and two 
ma t r ix  m u l t i p l i c a t i o n s  are requ i r ed  f o r  each harmonic a t  each t i m e  
s t e p .  In  o r d e r  t o  be  compet i t ive  wi th  o t h e r  n u r i r i c a l  s o l u t i o n  
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schemes t h i s  procedure must t h e r e f o r e  be  a b l e  t o  u t i l i z e  a s l i g h t l y  
l a r g e r  t i m e  s t e p  s i n c e  t h e  computation t i m e  p e r  s t e p  w i l l  undoubted- 
l y  be  l a r g e r  than f o r  most of the  o t h e r  s o l u t i o n  procedures ,  
A s l i g h t l y  d i f f e r e n t  approach i s  taken t o  s t a r t  t h e  numerical  
s o l u t i o n  using t h i s  formulat ion.  Since r e h t i v e l y  mall e r r o r s  
i n  the  va lues  of the  displacements  of t h e  i n i t i a l  t i m e  s t e p s  can 
cause l a r g e  e r r o r s  i n  the ensuing c a l c u l a t i o n s ,  i t  i s  extremely i m -  
p o r t a n t  t h a t  t h e  displacement vec to r s  f o r  t h e  i n i t i a l  t i m e  s t e p  be  
accu ra t e ly  ca l cu la t ed .  The fourth-order  Runge-Kut t a  formulas 
presented  i n  a prev ious  s e c t i o n  are u t i l i z e d  t o  c a l c u l a t e  the re- 
sponse f o r  t h e  f i r s t  t h r e e  t i m e  s t e p s .  These formulas are app l i ed  
f o r  s i x  t i m e  s t e p s  wi th  one h a l f  the  va lue  of  t h e  des i r ed  t i m e  
increment t o  i n s u r e  a c c u r a t e  va lues  f o r  t h e  vec to r s  ( 4  I ,  { q 2 1 ,  and 
{ q , } .  Using t h e s e  displacement v e c t o r s ,  t h e  displacements  a t  t h e  
end of the  f o u r t h  (and a l l  succeeding) s t e p s  can be ca l cu la t ed  by 
employing Eq.  4 6 .  
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Loads Matrix Approximation 
I n  o r d e r  t o  determine t h e  displacements  a t  the  end of t he  
(n+l) th  t i m e  increment ,  t he  method o f  Chan, Cox, and Benf ie ld ,  t he  
Houbolt formula t ion ,  and t h e  p a r a b o l i c  a c c e l e r a t i o n  method r e q u i r e  
a knowledge of  t he  loads ,  {F( t ,q )  1 
As  can e a s i l y  be  noted by cons ider ing  Eq.  16,  t hese  loads  are a 
func t ion  of  t he  displacements  which are t o  be c a l c u l a t e d  . These 
a t  the  end of  t he  increment .  
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l oads  cannot t h e r e f o r e  be  eva lua ted  exac t ly .  
The right-hand s i d e  of Eq. 16 w i l l  t h e r e f o r e  be  eva lua ted  
us ing  a f i r s t - o r d e r  Taylor ' s  series expanded about 
increment .  This expansion may b e  w r i t t e n  as: 
t h e  nth t i m e  
Using a f i r s  t -order  backwards d i f f e r e n c e  express ion  t o  approximate 
t h e  p a r t i a l  d e r i v a t i v e  r e s u l t s  i n  t h e  fol lowing e x t r a p o l a t i o n  f o r -  
mula, which i s  used t o  c a l c u l a t e  t h e  loads :  
Employing Eq. 48 i n  t he  Houbolt and Chan, Cox, and Benf ie ld  f o r -  
mulat ions i s  c o n s i s t e n t  s i n c e  t h e  i n h e r e n t  e r r o r  i n  t h e s e  formu- 
L l a t i o n s  i s  t h e  same as the  o r d e r  of t he  t runca t ion  e r r o r  ( A t  ) i n  
Eq. 4 8 .  Applying E q .  48 corresponds t o  us ing  a l i n e a r  e x t r a p o l a t i o n  
of t he  loads  a t  t h e  two previous  t i m e  increments.  
3 The loads  may be  approximated wi th  an  accuracy of o r d e r  (At) 
u s ing  t h e  fo l lowing  second-order expression:  
This  express ion  can b e  obta ined  by pass ing  a pa rabo la  (second-order 
curve)  through t h r e e  p o i n t s  and e x t r a p o l a t i n g  t o  o b t a i n  t h e  fou r th  
p o i n t  on t h e  load-time curve.  
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CHAPTER I V  
EVALUATION OF NUMERICAL INTEGRATION PROCEDUWS 
In  t h i s  chap te r  the  r e s u l t s  ob ta ined  us ing  the  var ious  
numerical  i n t e g r a t i o n  techniques i n  s e l e c t e d  test problems are 
presented ,  compared, and eva lua ted  t o  determine the  optimum proce- 
dure f o r  use  i n  the  DYNASOR code. A one degree-of-freedom beam 
v i b r a t i o n  problem i s  formulated t o  i n i t i a l l y  eva lua te  the  in t eg ra -  
t i o n  techniques.  Af te r  cons ider ing  t h e  r e s u l t s  ob ta ined  i n  the 
beam a n a l y s i s  two numerical  i n t e g r a t i o n  techniques are e l imina ted  
from cons idera t ion .  The remaining t h r e e  techniques are then eva l -  
ua t ed  i n  s h e l l  of r evo lu t ion  ana lyses  
T e s t  problems formulated f o r  t h e  eva lua t ion  of t he  numerical  
procedures i n  s h e l l  ana lyses  are descr ibed  s i n c e  the  r e l a t i v e  
s t a b i l i t y  of t he  i n t e g r a t i o n  procedures must be eva lua ted  i n  l i g h t  
of t hese  p a r t i c u l a r  a p p l i c a t i o n s .  A thorough eva lua t ion  o f  the 
Houbolt procedure i s  made a f t e r  t he  technique i s  adjudged t o  be the  
optimum procedure.  This c r i t i c a l  test lends  a d d i t i o n a l  suppor t  t o  
t he  conclusion t h a t  t h e  Houbolt technique is  the  most advantageous 
procedure f o r  use i n  t h e  DYNASOR code, 
B e a m  Response Study 
The beam conf igu ra t ion  dep ic t ed  i n  Fig. 2 w a s  s e l e c t e d  as a 
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The concent ra ted  loading  w a s  i n s t an taneous ly  app l i ed  at  t h e  begin- 
n ing  of t h e  response c a l c u l a t i o n s  and does no t  vary wi th  t h e  t i m e .  
Two elements w e r e  used t o  i d e a l i z e  t h e  beam s t r u c t u r e  wi th  the  f r e e  
nodal  p o i n t  be ing  loca ted  a t  t h e  c e n t e r  of t h e  beam where the  con- 
c e n t r a t e d  loading  i s  app l i ed .  Although the  two element i d e a l i z a -  
t i o n  may appear somewhat c rude ,  i t  should be  kep t  i n  mind t h a t  t h i s  
t es t  problem w a s  used p r imar i ly  f o r  t e s t i n g  the  numerical  i n t eg ra -  
t i o n  techniques.  Rigid i n v e s t i g a t i o n  of non l inea r  beam v i b r a t i o n s  
w a s  no t  t he  purpose of t h i s  study., The one degree-of-freedom f o r -  
mulat ion is s u f f i c i e n t  f o r  t he  eva lua t ion  of t h e  i n t e g r a t i o n  
techniques provid ing  only the  response of t h e  f i r s t  v i b r a t o r y  mode 
is  needed. 
The equat ion  of  motion 






which desc r ibes  the  non l inea r  dynamic 
expressed as 
= PAL 
= 24 E I / L  3 
I 
Equation 50 has  been w r i t t e n  i n  the  same form as the  equat ions  of 
morion f o r  s h e l l  of r evo lu t ion  ana lyses  ( E q .  1 6 )  e S i m i l a r i t i e s  
between the  s h e l l  and beam analyses  a l low u t i l i z a t i o n  of t he  beam 
38 
conf igu ra t ion  f o r  a pre l iminary  a n a l y s i s  of t h e  c h a r a c t e r i s  t i c s  of 
t he  numerical  i n t e g r a t i o n  techniques provid ing  the  material and 
geometr ic  p r o p e r t i e s  of t h e  s t r u c t u r e  are j u d i c i o u s l y  s e l e c t e d  e 
Since the  presence of n o n l i n e a r i t i e s  a f f e c t s  t he  s t a b i l i t y  of 
t h e  s o l u t i o n  techniques,  t h e  non l inea r  e f f e c t s  of t h e  r o t a t i o n  of 
t he  beam upon t h e  a x i a l  s t r a i n  are inc luded .  
t ies s e l e c t e d  a r e  t y p i c a l  of those  c u r r e n t l y  employed i n  the  
aerospace  i n d u s t r y  whi le  t h e  geometric parameters  provide a t e s t  
problem i n  which t h e  n o n l i n e a r i t i e s  are s i g n i f i c a n t  The va lues  
of t hese  parameters  are as fol lows:  
The mater ia l  proper- 
A = 0 .2  i n 2  
E = 10.0 x 106ps i  
L = 10 i n  
p = 0.1 lbm/ in3  
The s t a t i c  response of t h i s  f i xed  beam conf igu ra t ion  i s  pre-  
s en ted  i n  Fig. 2 t o  show the  degree of n o n l i n e a r i t y  p r e s e n t  i n  t h e  
response.  This  response c l e a r l y  i n d i c a t e s  t h a t  t h e  i n f l u e n c e  of 
t he  membrane e f f e c t  becomes i n c r e a s i n g l y  more s i g n i f i c a n t  as t h e  
loading  is  inc reased .  The e f f e c t  of t he  i n c l u s i o n  of t he  nonl inear ;  
i t i e s  becomes i n c r e a s i n g l y  s i g n i f i c a n t  as t h e  loading  i s  inc reased  a 
Inc lus ion  of t h e  non l inea r  terms causes  a s t i f f e n i n g  e f f e c t  which 
r e s u l t s  i n  smaller displacements  f o r  t h e  same amount of load  when 
compared t o  the  l i n e a r  s o l u t i o n .  
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I n  the  dynamic a n a l y s i s  of t h i s  beam each of the  numerical  
i n t e g r a t i o n  procedures  w a s  found t o  g ive  e s s e n t i a l l y  the  s a m e  
r e s u l t s  when r e l a t i v e l y  s m a l l  t i m e  s t e p s  w e r e  used. 
s en ted  i n  Fig.  3 i n d i c a t e  t h e  ver t ical  response of t h e  middle of 
t h e  beam obta ined  by t h e  var ious  i n t e g r a t i o n  techniques w i t h  a t i m e  
s t e p  of f i f t y  microseconds. No s i g n i f i c a n t  d i sc repanc ie s  between 
the  r e s u l t s  ob ta ined  by t h e  va r ious  procedures  w e r e  noted f o r  t h e  
small t i m e  increments .  
Resul t s  p r e -  
A s  t he  t i m e  s t e p  w a s  i nc reased ,  two of  t he  numerical  i n t e g r a -  
t i o n  procedures  t h e  p a r a b o l i c  a c c e l e r a t i o n  method and t h e  t h i r d -  
o rde r  e x p l i c i t  formula t ion ,  w e r e  found t o  be  u n s a t i s f a c t o r y .  A 
d ive rgen t  o s c i l l a t i o n  w a s  noted i n  t h e  response obtained us ing  the  
p a r a b o l i c  a c c e l e r a t i o n  technique.  A p o s i t i v e  damping e f f e c t  w a s  
noted i n  t h e  response obta ined  by the  th i rd -o rde r  e x p l i c i t  formu- 
l a t i o n .  The damped response converged t o  t h e  s t a t i c  non l inea r  
s o l u t i o n .  A s  t he  t i m e  increment w a s  fu . r ther  i nc reased ,  numerical  
i n s t a b i l i t i e s  w e r e  noted ( i .ee  the  response became u n r e a l i s t i c a l l y  
l a r g e )  Each of t he  o t h e r  i n t e g r a t i o n  procedures  provided s a t i s -  
f a c t o r y  r e s u l t s  f o r  t i m e  increments  a t  least  as l a r g e  as t h e  s t e p  
s i z e  a t  which the  undes i r ab le  s o l u t i o n s  w e r e  noted. 
It should b e  noted t h a t  t h e  mean p o i n t  of t he  o s c i l l a t i o n s  o f  
t h i s  beam has  a va lue  less than t h e  p r e d i c t e d  s t a t i c  n o n l i n e a r  de- 
f l e c t i o n .  This phenomena. i s  expected s i n c e  more energy p e r  u n i t  
of d e f l e c t i o n  i s  r equ i r ed  as t h e  response i n c r e a s e s .  
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4 1  
For exceedingly l a r g e  va lues  of t he  t i m e  increment t h e  i n h e r e n t  
damping of the  Houbolt method w a s  noted (F ig .  4 ) .  For small va lues  
of t h e  load  (hence only moderately non l inea r  response) t h e  dynamic 
response converged quick ly  t o  the  s t a t i c  s o l u t i o n .  A l a rger  
number of cyc le s  w a s  r equ i r ed  f o r  t h i s  convergence as the  loading  
w a s  increased .  Only a s m a l l ,  a lmost  n e g l i g i b l e ,  amount of damping 
w a s  apparent  i n  s o l u t i o n s  obta ined  us ing  l a r g e  va lues  of both t h e  
load  and t h e  t i m e  increment;  a d d i t i o n a l  i n c r e a s e s  i n  t h e  s i z e  of 
t h e  t i m e  s t e p  r e s u l t e d  i n  uns t ab le ,  n o t  p o s i t i v e l y  damped, solu-. 
t i o n s .  The uncondi t iona l  s t a b i l i t y  of t he  Houbolt technique as 
app l i ed  i n  l i n e a r  dynamic ana lyses  does n o t  t h e r e f o r e  e x i s t  f o r  
non l inea r  dynamic ana lyses .  As t h e  degree of n o n l i n e a r i t y  of  t he  
response inc reased  the  i n h e r e n t  damping of  t h e  Houbolt method 
became less s i g n i f i c a n t  s i n c e  the  t i m e  increment f o r  s t a b i l i t y  be- 
came less than ,  o r  a t  least approached, t h e  t i m e  increment a t  which 
t h e  inhe ren t  damping became n o t i c e a b l e  e 
S a t i s f a c t o r y  r e s u l t s  were obta ined  us ing  the  method of Chan, 
Cox, and Benf ie ld  t h e  four th-order  Runge-Kutta formulas,  and the  
Houbolt i n t e g r a t i o n  procedure.  These s o l u t i o n  techniques w e r e  
). 
t h e r e f o r e  s e l e c t e d .  f o r  a p p l i c a t i o n  and eva lua t ion  i n  s h e l l  ana lyses  
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4 3  
S h e l l  of Revolution Response S tud ie s  
The most promising methods of n u a e r i c a l  i n t e g r a t i o n ,  as 
determined by the  beam analyses ,  were e f f i c i e n t l y  inco rpora t ed  i n t o  
the  DYNASOR code us ing  t h e  FORTRAN I V  language. l h e  c a l c u l a t i o n s  
w e r e  then made us ing  an IBM 360/65 compu.ter. In a d d i t i o n  t o  pre-  
s e n t i n g  an eva lua t ion  and comparison of  t h e  va r ious  numerical  
i n t e g r a t i o n  techniques ,  t h e  r e s u l t s  of a c r i t i c a l  t es t  of t h e  
Houbolt procedure are descr ibed  i n  t h e  remaining s e c t i o n s  of t h i s  
chapter .  
Runge-Kutta Evalua t ion  
A l i n e a r  a n a l y s i s  of a shal low s p h e r i c a l  cap (X=6) w i t h  
clamped edges was performed t o  eva lua te  the  Runge-Kutta method of  
i n t e g r a t i o n .  A r ad ius  of 0.9 inches and a rise of 0.0859 inches  
were assumed €or  t h e  cap. The s l o p e  of t h e  s h e l l  a t  i t s  base  w a s  
s e l e c t e d  as 10.9'; a uniform th ickness  of 0.01576 inches  w a s  used 
i n  t h e  c a l c u l a t i o n s .  The s h e l l  w a s  sub jec t ed  t o  an in s t an taneous ly  
app l i ed  ( cons t an t  i n  t i m e )  i n t e r n a l  p re s su re  and the  response of 
the  zero harmonic w a s  determined us ing  a t h i r t y  element i d e a l i z a -  
t i o n  of  t he  s h e l l .  
Af te r  o b t a i n i n g  numerical ly  uns t ab le  s o l u t i o n s  f o r  t i m e  i n -  
crements of 2.0, 1.0, and 0.5 microseconds,  a s t a b l e  s o l u t i o n  
( l i n e a r )  w a s  ob ta ined  us ing  a va lue  of  0.005 microseconds. U t i l i z -  
i n g  this extremely small  t i m e  s t e p  would n e c e s s i t a t e  p r o h i b i t i v e  
44 
amounts of computer t i m e  f o r  dynamic ana lyses ,  Since the  numeri- 
c a l  i n s t a b i l i t i e s  c o n s i s t e n t l y  occurred a f t e r  completing only a 
f e w  t i m e  s t e p s ,  a smaller t i m e  s t e p  w a s  used t o  o b t a i n  t h e  d i s -  
placements a t  t h e  end of t he  i n i t i a l  t i m e  s t e p s .  Employing t h i s  
s m a l l  i n i t i a l  s t e p  s i z e  increased  t h e  accuracy of t h e  c a l c u l a t e d  
displacements  e Inaccura t e  c a l c u l a t i o n s  i n  an i n i t i a l  va lue  problem 
g r e a t l y  a f f e c t  t h e  numerical  s t a b i l i t y  of ensuing c a l c u l a t i o n s  ~ 
Addi t iona l  s t a b i l i t y  w a s  a f forded  by t h i s  approach and the  allow- 
a b l e  t i m e  s t e p  s i z e  was inc reased  t o  0.05 microseconds. I t  w a s  
presumed t h a t  t h i s  t i m e  increment would be decreased i f  a non l inea r  
a n a l y s i s  w a s  conducted. The a l lowable  t i m e  increment w a s  d e f i n i t e -  
l y  t o o  s m a l l  t o  allow p r a c t i c a l  use  of t h e  Runge-Kutta formulas 
f o r  non l inea r  s h e l l  ana lyses  
The many advantages a f forded  by t h e  s i m p l i c i t i e s  of a p p l i -  
c a t i o n  and the  h igh  o rde r  of accuracy of t h e  Runge-Kutta method 
are more than  o f f s e t  by the  s m a l l  c r i t i c a l  t i m e  increment re- 
qu i r ed  f o r  dynamic s h e l l  of r evo lu t ion  ana lyses  conducted using 
t h i s  technique,  The four th-order  Runge-Kutta formulat ion i s  
t h e r e f o r e  u n s a t i s f a c t o r y  f o r  u se  i n  t h e  DYNASOR code. 
Chan, Cox, and Penf i e ld  Evalua t ions  (B = 1 / 6 ,  1/8, l / l Z s  and 0)  
Attempts w e r e  made i n  a v a r i e t y  of problems t o  use  va lues  of 
B < 1 / 4  i n  t h e  Chan, Cox, and Benfield r o u t i n e ,  A n u n e r i c a l l y  
s t a b l e  response w a s  never  obta ined  us ing  t i m e  increments as s m a l l  
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as 0 . 1  microseconds e The r e s u l t s  of t he  Kunge-gutta eva lua t ion  
i n d i c a t e d  t h a t  a s t a b l e  response could be  obta ined  i f  Eurther  re- 
duct ions  were made i n  the  s i z e  of the  t i m e  s t e p .  A s t a b l e  s o l u t i o n  
( ze ro  harmonic only)  w a s  then  obta ined  i n  one a p p l i c a t i o n  €or  B = 0 
us ing  a t i m e  s t e p  of 0.01 microseconds. 
so lved  us ing  another  method (Houbolt) wi th  a t i m e  incremeat of 
0.25 microseconds. It is  t h e r e f o r e  imprac t i ca l  t o  employ t h e  & a n ,  
Cox, and Benf ie ld  procedure wi th  va lues  of B l e s s  than one-fourth 
f o r  s h e l l  ana lyses  us ing  the  CYNASOR code. 
The same problem h.ad been 
Comparison of Houbolt Method and Chan, Cox, and Benf i e l a  Routine 
(6 = 1 / 4 1  
Se lec t ion  of t he  most advantageous numerical  s o l u t i o n  tech- 
nique can now be made by comparing the  response obta ined  us ing  t h e  
Chan, Cox, and Benfield method wi th  8 = 1 / 4  t o  t h e  response de t e r -  
mined using the Houbolt formulat ion.  The s h e l l  s e l e c t e d  f o r  t h i s  
comparision i s  t h e  cap-torus-cyl inder  conf igu ra t ion  dep ic t ed  i n  
Fig.  5 .  F i f t y  elements are used t o  i d e a l i z e  the  shel l .  w i t h  rhe 
d i s t r i b u t i o n  of t he  elements s e l e c t e d  t o  y i e l d  a l a r g e  number of 
elements n e a r  t h e  cap-torus i n t e r s e c t i o n  and near the  to rus -  
cy l inde r  i n t e r s e c t i o n .  The widely va ry ing  element s i z e s  and the  
i r r e g u l a r  shape of t h e  s h e l l  combine t o  provide  a problem which 
serves a s  a rea l i s  t i c  test of the  i n t e g r a t i o n  techniques .. 
The displacements  and stresses f o r  t h e  zeroth harmonic were 
c a l c u l a t e d  us ing  both methods of s o l u t i o n  ( s ing le -p rec i s ion  
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a r i thme t i c )  a The displacement response ca l cu la t ed  by the  two 
numerical procedures  i s  almost i d e n t i c a l  (Fig.  5 ) ,  Likewise ex- 
c e l l e n t  agreement i s  noted (Figs .  6 and 7) between the  stresses 
c a l c u l a t e d  by the  two i n t e g r a t i o n  techniques e 
S e l e c t i o n  of t h e  technique f o r  use  i n  t h e  DYNASOR code can 
be  based upon economic cons ide ra t ions  s i n c e  the  response curves 
are e s s e n t i a l l y  t h e  same. A t i m e  increment of  3.0 microseconds 
y i e l d e d  s t a b l e  s o l u t i o n s  f o r  t h e  Houbolt method. l%e method of 
m a n ,  Cox, and Benf ie ld  could employ only as l a r g e  as a 1 . O  micro- 
second t i m e  s t e p .  In  a d d i t i o n  t o  a l lowing a l a r g e r  t i m e  s t e p  t h e  
Houbolt method r e q u i r e s  less computation t i m e  pe r  s t e p .  A com- 
pa r i son  of Eqs .  23 and 32 reveals t h a t  two mat r ix  m u l t i p l i c a t i o n s  
are r equ i r ed  p e r  t i m e  s t e p  f o r  t h e  Chan, Cox, and Benf ie ld  r o u t i n e ,  
b u t  only one m u l t i p l i c a t i o n  is  necessary  i n  t h e  Houbolt forrnula- 
t i o n ,  thus exp la in ing  t h e  d i f f e r e n c e  i n  the  amount of computer 
t i m e  r equ i r ed  p e r  s t e p .  As t he  number of f i n i t e  elements i s  i n -  
c reased  t h e  sav ings  i n  computation t i m e  p e r  s t e p  becomes inc reas -  
i ng ly  more s i g n i f i c a n t .  
I n  t h i s  test problem t h e  combined e f f e c t  of us ing  a l a r g e r  
t i m e  s t e p  and decreas ing  the  r equ i r ed  computer t i m e  per  s t e p  i s  t o  
provide a s o l u t i o n  t o  t h i s  problem almost fou r  t i m e s  f a s t e r  u s ing  
Houbolt 's  method. Comparable sav ings  i n  computer t i m e  r e s u l t i n g  
from us ing  the  Houbolt procedure w e r e  noted i n  a number of o t h e r  
app l i ca t ions14  of t he  two techniques.  
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Although the  Houbolt scheme requ i r e s  s l i g h t l y  more s t o r a g e  
space than t h e  Chan, Cox, and Benfield technique ( t h r e e  d i sp lace -  
ment vec to r s  i n s t e a d  of two), t he  b e n e f i t s  and advantages accrued 
us ing  the  Houbolt scheme more than o f f s e t  t h i s  s l i g h t  disadvan- 
tage .  The Houbolt method of numerical  i n t e g r a t i o n  i s  t h e r e f o r e  
chosen as t h e  most advantageous method f o r  use i n  the  s h e l l  ana lyses  
conducted us ing  t h e  DYNASOR code. 
Comprehensive Evaluat ion of Houbolt 's  Method 
A c r i t i c a l  test  of t h e  Houbolt method w a s  made t o  see i f  t h e  
procedure i s  capable  of o b t a i n i n g  t h e  dynamic response of s h e l l s  
whose behavior  i s  h ighly  non l inea r .  A shal low s p h e r i c a l  cap (X=6) 
w i th  clamped edges w a s  used i n  the  e v a l u a t i v e  s tudy .  The geometric 
and material p r o p e r t i e s  t oge the r  w i t h  a d e s c r i p t i v e  drawing of the 
s h e l l  are presented  i n  Fig. 8. A concent ra ted  load  appI.ied a t  t h e  
apex of t he  s h e l l  w a s  used t o  excite t h e  response.  This load w a s  
i n s t an taneous ly  appl ied  a t  t i m e  t = 0 and remained cons tan t  f o r  
t he  du ra t ion  of t h e  c a l c u l a t i o n s .  
The problem w a s  s e l e c t e d  f o r  t h e  eva lua t ion  f o r  two reasons .  
F i r s t ,  the  response is  h igh ly  nonl inear .  The high degree of non- 
l i n e a r i t y  of t h e  response can be  e s t a b l i s h e d  by cons ider ing  t h e  
s t a t i c  load-def lec t ion  curve p resen ted  i n  Fig.  8. These r e s u l t s  
were obta ined  us ing  the  Newton-Raphson method o f  s o l u t i o n  i n  a 
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Ref. 6. These r e s u l t s  agree  w e l l  w i th  t h e  work of o t h e r  research-  
e r ~ . ~ ~ ~ ~ ~  A f o r t y  pound load  w a s  s e l e c t e d  f o r  use  i n  t h e  dynamic 
eva lua t ion  s t u d i e s .  
t h i s  loading  s i n c e  the  s t a t i c  non l inea r  response is  more than four  
The n o n l i n e a r i t i e s  are q u i t e  s i g n i f i c a n t  f o r  
t i m e s  as l a r g e  as t h e  l i n e a r  d e f l e c t i o n  a t  t h i s  loading.  
A second reason f o r  s e l e c t i n g  t h i s  conf igu ra t ion  cen te r s  
around t h e  e x i s t e n c e  of a s i n g u l a r i t y  a t  t h e  apex of the  s h e l l .  
Extremely l a r g e  s t i f f n e s s  terms evolve as a r e s u l t  of t h i s  s ingu-  
l a r i t y ;  t h e  corresponding terms i n  t h e  mass matrices f o r  t h e  
va r ious  harmonics are, however, r a t h e r  s m a l l .  The l a r g e  s t i f f n e s s  
t o  m a s s  r a t i o  provides  an exceedingly l a r g e  speed of sound i n  
t h e  medium. The cr i ter ia  f o r  s e l e c t i n g  t h e  s i z e  of t h e  t i m e  s t e p  
d e ~ e l o p e d ’ ~ ~ ~ ~  f o r  use i n  f i n i t e  d i f f e r e n c e  s h e l l  ana lyses  are 
based upon the  t i m e  r equ i r ed  f o r  a s i g n a l  t o  t r a v e l  from one mesh 
p o i n t  t o  another .  Applying t h e s e  c r i t e r i a  t o  t h i s  problem r e s u l t s  
i n  the  p r e d i c t i o n  of an u n r e a l i s t i c a l l y  s m a l l  t i m e  increment.  It 
i s  hoped t h a t  by u t i l i z i n g  the  Houbolt technique the  t i m e  i n c r e -  
ment f o r  s t a b i l i t y  w i l l  b e  much l a r g e r  than t h e  va lue  p red ic t ed  
by t h e  f i n i t e  d i f f e r e n c e  cr i ter ia ,  
Ef fec t  - o f Increased  Numerical Accuracy 
The e f f e c t  of u s ing  a g r e a t e r  degree  of numerical  accuracy 
i n  t h e  s o l u t i o n  of  t h i s  test problem w a s  i n v e s t i g a t e d .  Using a 
t h i r t y  element i d e a l i z a t i o n  and a t i m e  increment of  0.125 micro- 
53 
seconds ,  response d a t a  w a s  ob ta ined  wi th  bo th  s ing le -p rec i s ion  
(seven s i g n i f i c a n t  f i gu res )  and double-precis ion ( s i x t e e n  s i g n i -  
f i c a n t  f i g u r e s )  numerical  accuracy. A comparison of t h e  response 
curves  can be made by cons ider ing  Fig.  9 .  The decrease i n  the  
round-off e r r o r  of  t h e  double-precis ion response r e s u l t s  i n  an 
i n c r e a s e  i n  the  pe r iod  and the  amplitude of t he  motion i n  t h i s  
h igh ly  non l inea r  a p p l i c a t i o n .  S ingle  p r e c i s i o n  r e s u l t s  f o r  mod- 
e r a t e l y  non l inea r  problems have been shown14 t o  be i n  e x c e l l e n t  
agreement w i t h  the  r e s u l t s  obtained by o t h e r  i n v e s t i g a t o r s  . 
Double-precision a r i t h m e t i c  seems t h e r e f o r e  t o  be necessary  only 
when t h e  behavior  of h i g h l y  nonl inear  s h e l l s  i s  t o  be analyzed 
us ing  t h e  DYNASOR code on computers whose i n h e r e n t  accuracy i s  
equa l  t o  o r  less than t h a t  of an I B M  360/65 computer. Double- 
p r e c i s i o n  a r i t h m e t i c  is  n o t  thought t o  be necessary ,  even f o r  
h igh ly  non l inea r  behavior ,  when the  DYNASOR code is used i n  com- 
p u t e r s  (such as t h e  CDC 6600) which have a s i g n i f i c a n t l y  longer  
word l eng th  than the  I B M  360/65 system. 
E f f e c t  of Load Ex t rapo la t ion  Procedure -- 
Two e x t r a p o l a t i o n  procedures (Ch. 111, pp. 33 - 3 4 )  are 
u t i l i z e d  t o  c a l c u l a t e  t h e  loads  a t  the  end of  the  (n+l) th t i m e  s t e p  
from the  loads  a t  t h e  previous s t e p s  f o r  t h e  i m p l i c i t  Houbolt 
procedure.  A comparison of  t he  r e s u l t s  ob ta ined  us ing  both  ex- 
t r a p o l a t i o n  procedures  i s  presented  i n  Fig. 10. These r e s u l t s  
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w e r e  ob ta ined  f o r  t h e  zeroth harmonic us ing  a t i m e  increment of 
0.125 microseconds and t h i r t y  elements t o  i d e a l i z e  the s h e l l .  N o  
s i g n i f i c a n t  d i f f e r e n c e s  i n  the  r e s u l t s  ob ta ined  by the  two ex- 
t r a p o l a t i o n  procedures  are no t i ced  i n  Fig. 10.  
For a t i m e  s t e p  of 0.25 microseconds t h e  s o l u t i o n  obta ined  
us ing  t h e  p a r a b o l i c  e x t r a p o l a t i o n  procedure w a s  found t o  be  numeri- 
c a l l y  uns t ab le .  A s t a b l e  s o l u t i o n  w a s ,  however, ob ta ined  us ing  
the  l i n e a r  e x t r a p o l a t i o n  procedure t o  o b t a i n  the  loads .  Because 
of t he  a d d i t i o n a l  s t a b i l i t y  obta ined  us ing  t h e  l i n e a r  approxi- 
mat ion,  i t  is  concluded t h a t  a l i n e a r  e x t r a p o l a t i o n  i s  more 
e f f e c t i v e  than  a pa rabo l i c  procedure e 
I n  a d d i t i o n  t o  the  increased  s t a h i l i t y ,  t h e  amount of s t o r a g e  
space  requi red  by t h e  code i s  l e s sened ,  as i s  t h e  amount of 
computer t i m e  r equ i r ed  p e r  t i m e  s t e p ,  s i n c e  the  fo rce  v e c t o r s  a t  
only two, i n s t e a d  of t h r e e ,  p rev ious  t i m e  s t e p s  must be r e t a i n e d  
and combined U t i l i z a t i o n  of t h e  l i n e a r  e x t r a p o l a t i o n  procedure 
i s  t h e r e f o r e  an e f f i c i e n t  and e f f e c t i v e  m e a n s  of approximating t h e  
loads  a t  t h e  end of  t he  (n+l) t i m e  increment.  t h  
Solu t ion  Convergence wi th  Imp roved I d e a l i z a t i o n  
Since t h i s  a n a l y s i s  i s  based upon a f i n i t e  element formula- 
t i o n  , i t  i s  necessary  t o  show t h a t  t h e  i d e a l i z a t i o n  used f o r  t h i s  
test problem is  f i n e  enough t o  y i e l d  an accu ra t e  s o l u t i o n .  A s  t h e  
number of elements i s  inc reased ,  t h e  responses  obta ined  by any 
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acceptab le  numerical  method should converge. 
u s ing  t h e  Houbolt method i s  demonstrated i n  Fig. 11. Responses 
were obta ined  us ing  15, 30, and 50 element i d e a l i z a t i o n s  of  t he  
sha l low cap; t hese  elements w e r e  concent ra ted  n e a r  t he  apex and 
n e a r  t h e  suppor ts  of  t h e  s h e l l  where t h e  displacements  and stresses 
vary r ap id ly .  
Solu t ion  convergence 
For t h e  formulat ion employed i n  t h i s  a n a l y s i s  i t  w a s  expected 
t h a t  i n  h igh ly  non l inea r  problems, such as t h i s  t es t  problem, 
t h e  convergence wi th  improved i d e a l i z a t i o n  would be  r a t h e r  slow. 
U t i l i z i n g  l i n e a r  displacement func t ions  i n  t h e  non l inea r  s t r a i n  
energy express ion  and employing s t r i p  i n t e g r a t i o n  ac ross  the  ele- 
ments w a s  expected t o  r e s u l t  i n  r a t h e r  s l o w  convergence. However, 
as i n d i c a t e d  i n  Fig.  11, t h e  response,  even i n  t h i s  h ighly  non l inea r  
test problem, has  completely converged f o r  as few as 30 elements.  
Although the  pe r iod  of t h e  motion is s l i g h t l y  damped, t h e  response 
obta ined  us ing  only 15 elements is  accura t e  enough f o r  many engin- 
e e r i n g  purposes a 
Obtaining accu ra t e  s o l u t i o n s  us ing  a r e l a t i v e l y  small number 
of  elements r e s u l t s  i n  cons iderable  sav ings  of computer t i m e .  
element used t o  i d e a l i z e  t h e  s h e l l  i n c r e a s e s  t h e  s i z e  of t he  
mat r ices  which must be  manipulated and i n c r e a s e s 9  by f o u r ,  t he  
number of s imultaneous equat ions  which must be  so lved  a t  each t i m e  
s t e p .  Hence, t h e  amount of computer t i m e  r equ i r ed  p e r  t i m e  s t e p  




























t h i s  problem the  computation t i m e  p e r  s t e p  w a s  0.0067 minutes f o r  
t h e  50 element s o l u t i o n  b u t  only 0.0021 minutes f o r  t he  15 element 
case (only t h e  response of the  zeroth harmonic w a s  determined) .  
The Houbolt method as a p p l i e d  i n  t h e  DYNASOR code provides  conver- 
gent  s o l u t i o n s  us ing  r e l a t i v e l y  few elements f o r  i d e a l i z i n g  t h e  
s h e l l .  
E f f e c t  of T ime  Increment Var i a t ion  -- 
The presence  of i nhe ren t  damping i n  t h e  Houbolt method of 
i n t e g r a t i o n  n e c e s s i t a t e s  demonstration t h a t  t h e  t i m e  s t e p  s i z e  has  
been chosen s m a l l  enough t o  ensure  r u a t  t h e  a r t i f i c i a l  v i s c o s i t y  
of t he  method does n o t  a f f e c t  t h e  c a l c u l a t e d  response.  T o  de t e r -  
mine the e f f e c t  of vary ing  t h e  t i m e  increment i n  t h i s  problem, the  
test  problem w a s  run us ing  t i m e  s t e p s  of 0.125 and 0.25 micro- 
seconds.  Again, double-precis ion numerical  accuracy w a s  used f o r  
c a l c u l a t i n g  the  response of t h e  t h i r t y  elements used t o  i d e a l i z e  
the  cap.  As presented  i n  Fig. 12 ,  no d i sce rnab le  e r r o r s  are  in-  
troduced us ing  t h e  l a r g e r  va lue  of t h e  t i m e  s t e p .  For a t i m e  s t e p  
of 0.50 microseconds the  s o l u t i o n  became numerical ly  uns tab le .  
Se l ec t ion  of  t he  Houbolt method as t h e  optimum procedure f o r  
use  i n  t h e  DYNASOR code i s  f u r t h e r  supported by r e s u l t s  ob ta ined  
f o r  t h i s  t es t  case .  Using the  method of Chan, Cox, and Benf ie ld  
(6 = 1/4) t h e  responses  obta ined  w e r e  numerical ly  uns t ab le  f o r  
t i m e  s t e p s  as s m a l l  as 0.125 microseconds. Using B = 0 ,  a s t a b l e  
60 
6 1  
s o l u t i o n  w a s  f i n a l l y  obtained us ing  a 0.01 microsecond t i m e  s t e p .  
Again i t  is  noted  t h a t  t h e  Houbolt procedure i s  numerical ly  
s t a b l e  f o r  t i m e  s t e p s  much l a r g e r  than  can be  used wi th  o t h e r  
methods . 
I f  t h e  Houbolt method is  used t o  c a l c u l a t e  h igh  frequency 
response,  a small t i m e  increment ( i n  r e l a t i o n  t o  the pe r iod  of the  
motion) must b e  used. The s t e p  s i z e  must be chosen small enough 
(approximately 1/50 of t h e  per iod)  t o  keep t h e  response from being 
damped. I n  these  a p p l i c a t i o n s  o t h e r  numerical  procedures  may be 
deemed more e f f i c i e n t  than  t h e  Houbolt procedure.  
T i m e  Increment Se lec t ion  
Since t h e  c o s t  of a dynamic a n a l y s i s  i s  d i r e c t l y  r e l a t e d  
t o  t h e  s i z e  of t h e  t i m e  s t e p  used i n  the  c a l c u l a t i o n s ,  j ud ic ious  
s e l e c t i o n  of t h e  s i z e  of t he  t i m e  s t e p  i s  almost mandatory. 
Considerat ion must t h e r e f o r e  be  g iven  t o  the  f a c t o r s  which a f f e c t  
t h e  s i z e  of t h e  t i m e  s t e p  which may be  used i n  non l inea r  dynamic 
ana lyses  of s h e l l s .  
Techniques of  e s t ima t ing  t h e  s i z e  of  t he  c r i t i c a l  t i m e  s t e p  
developed f o r  f i n i t e  d i f f e r e n c e  ana lyses  are based upon the  
minimum amount of t i m e  r equ i r ed  f o r  a s i g n a l  t o  t ravel  from one 
mesh p o i n t  t o  another .  
t a n t  ana lyses ,  t h e s e  techniques are n o t  a p p l i c a b l e  i n  many i n -  
s t a n c e s ,  such as f o r  the  test problem i n  Fig. 8. For t h e  shal low 
Although a p p l i c a b l e  i n  a number of  impor- 
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cap an  u n r e a l i s  t i c a l l y  s m a l l  t i m e  increment i s  es t imated  by 
these  procedures .  Resul ts  i n d i c a t e  much l a r g e r  t i m e  s t e p s  may be  
used a 
The s i z e  of t h e  t i m e  s t e p  is g r e a t l y  a f f e c t e d  by t h e  degree 
of  n o n l i n e a r i t y  p re sen t  i n  the response.  Hence, both the  geometry 
of t h e  s h e l l  and t h e  loading  app l i ed  t o  the  s h e l l  a f f e c t  the  
choice  of  the  t i m e  s t e p .  I n  non l inea r  ana lyses  the in f luence  
of t h e  load ing  on t h e  s i z e  of t he  t i m e  s t e p  can be q u i t e  s i g n i f i -  
cant. As previous ly  s t a t e d ,  a t i m e  increment of 0.25 microsecoiids 
can b e  e f f e c t i v e l y  used f o r  t he  sha l low cap (Fig.  8) sub jec t ed  t o  
a f o r t y  pound apex loading .  The response of t he  s a m e  s h e l l  
sub jec t ed  t o  a uniform e x t e r n a l  p re s su re  w a s  s a t i s f a c t o r i l y  
determined us ing  a t i m e  s t e p  of 1 .0  microsecond. This i n c r e a s e  
i n  t h e  a l lowable  t i m e  s t e p  i s  permi t ted  s i n c e  t h e  response t o  the  
p re s su re  loading does n o t  e x h i b i t  t h e  high degree of n o n l i n e a r i t y  
p re sen t  f o r  t h e  concent ra ted  loading.  
S e l e c t i o n  of t he  t i m e  increment f o r  use i n  non l inea r  dynamic 
ana lyses  must t h e r e f o r e  r e l y  upon t h e  .judgement of the  i n v e s t i -  
g a t o r .  This judgement should be  based upon the  s h e l l  geometry 
and both the  degree of  n o n l i n e a r i t y  and t h e  frequency expected i n  
the  response.  The choice  should be  aided by the  es t imated  va lues  
obta ined  us ing  f i n i t e  d i f f e r e n c e  techniques I( Through experience 
an i n v e s t i g a t o r  can r ap id ly  ga in  an i n s i g h t  i n t o  the  s e l e c t i o n  of 
an e f f i c i e n t  s t e p  s i z e ,  Only when an accep tab le  level of pro- 
6 3  
f i c i ency  has  been a t t a i n e d  can dynamic ana lyses  be e f f i c i e n t l y  and 
e f f e c t i v e l y  performed Fur ther  s tudy  t o  develop techniques f o r  
e s t ima t ing  t h e  s i z e  of t h e  crcitical t i m e  s t e p  i n  non l inea r  dynamic 
ana lyses  i s  needed t o  c o r r e c t  t h e  admi t ted ly  i n e f f i c i e n t  proce- 
dure p r e s e n t l y  be ing  used. 
6 4  
CHAPTER V 
CONCLUSIONS 
The r e s u l t s  ob ta ined  i n  t h i s  s tudy  s t r o n g l y  suppor t  t h e  con- 
c l u s i o n  t h a t ,  of t h e  numerical  i n t e g r a t i o n  procedures  t e s t e d ,  t h e  
Houbolt method i s  the  most e f f i c i e n t  and p r a c t i c a l  method of  so lu -  
t i o n  f o r  u se  i n  t h e  DYNASOR code. For t h e  test problems analysed 
i n  t h i s  s tudy ,  as w e l l  as i n  t h e  l o w  frequency s t u d i e s  d iscussed  i n  
Ref. 1 4 ,  t h e  Houbolt method w a s  the  only technique which obta ined  
numerical ly  s t a b l e  s o l u t i o n s  us ihg  real is t ic  values  f o r  t h e  t i m e  
increment.  
When t h e  h igh  frequency response of  h ighe r  modes of v i b r a t i o n  
is  t o  be  determined, t he  Houbolt procedure r e q u i r e s  a s m a l l  t i m e  
s t e p  i n  o r d e r  t o  keep t h e  damping i n h e r e n t  i n  the technique from 
becoming s i g n i f i c a n t .  Other  numerical  t echniques  may, i n  t h e s e  
i n s t a n c e s ,  be  more e f f i c i e n t  than the  Houbolt procedure.  Although 
applying another  numerical  technique would be more e f f i c i e n t  f o r  
some of t hese  cases, i t  i s  be l i eved  t h a t  t he  Houbolt technique is  
the  b e s t  method f o r  u se  i n  t h e  vast  ma jo r i ty  of  p r a c t i c a l  ana lyses  
t o  be  conducted us ing  t h e  DYNASOR code. 
I n  the  p re sen t  i m p l i c i t  formulat ion t h e  loads appl ied  a t  t h e  
end of t h e  (n+l)th t i m e  s t e p  are obta ined  us ing  a f i r s t - o r d e r  
Taylor ' s  series expansion about  t h e  n s t e p .  Although u t i l i z i n g  
the  approximation undoubtedly c o n t r i b u t e s  t o  making the  method 
t h  
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uns tab le  f o r  l a r g e  t i m e  increments ,  t h e  Houbolt method is  sub- 
s t a n t i a l l y  more s t a b l e  than  t h e  formulat ions which r e q u i r e  no 
e x t r a p o l a t i o n  of t h e  loads .  
Even f o r  h igh ly  non l inea r  ana lyses  convergent s o l u t i o n s  can be 
obta ined  us ing  Houbolt 's  method. For a h igh ly  non l inea r  test 
problem the  response w a s  shown t o  converge as t h e  i d e a l i z a t i o n  of 
t h e  s h e l l  was improved and as t h e  s i z e  of t h e  t i m e  s t e p  w a s  de- 
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